MAO0301 ELEMENTARY DISCRETE MATHEMATICS

NTNU, SPRING 2018

Exam 2
Exercise 1 (Logic): 10 points
Exercise 2 (Relations): 20 points
Exercise 3 (Induction): 30 points
Exercise 4 (Functions): 15 points
Exercise 5 (Fibonacci numbers): 10 points
Exercise 6 (Graphs): 15 points

Total: 100 points

Exercise 1. Logic (10 points)
(1) (4 points) Give the truth table for the statement

(PA(mq) —r

(2) (6 points) Use the laws of logic to show that ((—p)V (—q)) A(FoVp)Ap is logically equivalent

to p A (—q). Recall that Fy denotes any contradiction.

Solution 1. 1) Truth

table for the statement (p A (—g)) — r:

plalr|—qg|pA(=g) | (A(~q))—r)

TIT|[T|F F T

TIT|F|F F T

TIF|[T|T T T

TIF|F| T T F

F|T|T|F F T

F|T|F|F F T

FIF|[T|T F T

FIF|F|T F T

2) Show that (((—p) V (=q)) A (Fo p)Ap) & (pA(=q))

(=) V (=0)) A (Fo V p) /\p<:>((ﬂp =q)) A (p Ap)
& ((=p) vV (=9)) Ap

< (-p Ap) (=g A\ p)
< FoV (=g A p)
& (=g Ap)
< pA(g)

Date: August 12, 2018.
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Exercise 2. Relations (20 points)
(1) (3 points) One of the following definitions is correct. Which one is it?
I) A relation R on a set A is called a partial order, or a partial ordering relation,

if R is reflexive, anti-symmetric, and transitive.

1I) A relation R on a set A is called a partial order, or a partial ordering relation,
if R is anti-reflexive, anti-symmetric, and transitive.

III) A relation R on a set A is called a partial order, or a partial ordering relation,

if R is reflexive, symmetric, and transitive.

(2) (7 points) Define the relation R on the integers Z in the following way: for all a,b € Z, we
have aRb if and only if a + b is an even number. Prove or disprove (by a counterezample)

that R is a partial ordering relation.

(3) (10 points) Define the relation R on the set S :={0,1,2,3}:
R:={(0,0),(0,2),(1,0),(1,3),(2,2),(3,0), (3, 1)}.

Draw the directed graph for the relation R. Prove or disprove that this relation is anti-

symmetric.

Solution 2. 1) I is the right definition.

2) R is not a partial ordering relation on Z. As a counterexample we consider 3 + 5 = 8, which is even,
and therefore 3R5 and 5R3 but we do not have 5 = 3, i.e., we have 5 # 3. This implies that R is not
anti-symmetric.

3) R is not anti-symmetric, because 3R1 and 1R3 but 1 # 3. See Figure 1.

F1cure 1. Exercise 2, solution 3)
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Exercise 3. Induction (30 points)

(1) (10 points) Use induction to show that for n > 0:

En: k(kD) = (n+1)! —1
k=1

(2) (20 points) Recall the definition of the Lucas numbers, i.e., Lo = 2, L1 = 1, and Ly =
Ly 14 Li_o fork > 1.
a) (10 points) Use induction to show that for n > 0:

n
Z LQT = L2n+1 + 1.
r=0

b) (10 points) Use induction to show that for n > 0, La, is an even number.

Solution 3. 1) Let n = 1: Z;lc=1 kE(k!) =11 = (14 1)! — 1. We assume that the statement holds for n = k,
ie., Z?le(j!) = (k+1)! — 1. We want to show that it holds for n = k + 1.

k+1 k
DN =D iGN+ R+ DE+D = (k+1)! =14+ (k+D(E+ D! = (k+D((k+1)+1) -1 = (k+2)! - 1.

2)a) Let n = 0: ZE:O Lo, = Lo = 2 = Ly + 1. We assume that the statement holds for n = k, i.e.,
Z?:o Loj = Log+1 + 1. We want to show that it holds for n = k + 1.
k+1 k

ZL2j = Zsz + Logyo = Logy1 + 1+ Logyo = Logysz + 1= Lagq1)41 + 1.
j=0 =0

2)b) Let n = 0: Ly = 2. We assume that the statement holds for n = k, i.e., L3 is even. We want to
show that it holds for n = k + 1.

L343 = Lagyo + L3g+1 = Lag41 + Lag + Lagy1 = 23541 + Lag.

This is an even number since Lgj is even.
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Exercise 4. Functions (15 points)

(1) (3 points) One of the following definitions is correct. Which one is it?
I) A function f: A — B is called surjective (onto) if f(A) C B.

1I) A function f: A — B is called surjective (onto) if f(A) = B.

1) A function f: A — B is called surjective (onto) if for all a1,as € A, whenever
f(al) = f(ag) = a] = ay.

(2) (5 points) The function f: 7 — 7 is defined for all integers by f(n) := 4n — 1. Prove or
disprove (by a counterezample) that f is surjective.

(3) (7 points) Let A := {1,2,3,4} and B := {5,6,7}. Define a function f: A — B that is

surjective but not injective.

Solution 4. 1) II is the correct definition of a surjective function.
2) Note that 0 ¢ f(Z), which implies that f(Z) # Z.
3) Define f(1) =5, f(2) =6, f(3) =7, and f(4) =7.
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Exercise 5. Fibonacci numbers (10 points)
(1) (3 points) One of the three statements is correct. Which one is it?
I) The Fibonacci numbers may be defined recursively by: Fop =2, F1 = 1 and
F, = F,_1 + F,_o for positive integers n > 1.

1I) The Fibonacci numbers may be defined recursively by: Fo =0, F; =1 and
F, = F,_1 + F,,_o for positive integers n > 1.

1II) The Fibonacci numbers may be defined recursively by: Fy =0, Fy =1 and

F, =F, 1 — F,_o for positive integers n > 1.

(2) (7 points) The Fibonacci numbers Fy, ..., Fr are: Fy =1, F3 =2, Fy = 3, F5 = 5,
Fs =8, F; = 13. Prowve that for any fized n > 0:
5

Z Fn—i—r = 4Fn+4-
r=0

Hint: do not use the method of induction.

Solution 5. 1) The correct statement is II.
2) For any fixed n > 0 we want to show that Zi:o Foyr=4F,44.

5

ZFn+r:Fn+Fn+1+Fn+2+Fn+3+Fn+4+Fn+5
r=0

= (Fo+ Fny1) + Faro + Fugs + Fapa + (Fogs + Foya)
=2F, 40+ 2F 013+ 2F 44

=2(Fpi2 + Fuis) +2F44

= 9F, 4+ 2F sy

— 4F, ..
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Exercise 6. Graphs (15 points)
(1) (3 points) One of the three statements is correct. Which one is it?
1) Let G = (V, E) be an undirected graph (or multigraph). Then Y oy deg(v) =
|El.

1I) Let G = (V, E) be an undirected graph (or multigraph). Then )", oy deg(v) =
2|E).

1) Let G = (V, E) be an undirected graph (or multigraph). Then Y, oy deg(v) =
3|E|.

(2) (38 points) Can you find an undirected graph with 4 vertices of degrees 1, 2, 3, and 37

(3) (3 points) An undirected graph has vertices of degrees 2, 4, 5, and 11. How many edges
does the graph have?

(4) (6 points) Recall that the complete graph Ky is an undirected graph with N vertices and
an edge between every two vertices. Show that Ky has N(N —1)/2 edges.

Solution 6. 1) II is correct.

2) No, such a graph G = (V, E) can not exist, because ) . deg(v) = 1+2+3+3 =9, which is an odd
number.

3) This graph has £ >, deg(v) = (244 45+ 11) = 11 = |E| edges.

4) Each of the N vertices of K has degree N — 1. Therefore, Z’UEVKN deg(v) = N(N — 1) = 2|E|. This
implies that |E| = N(N —1)/2.



