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a) Compute Laplace transform of
f(t) = te'.

e By definition, we have

F(s) = / tete™st dt = / te= VAL = L(t) (s — 1) = !
0 0

b) Compute the inverse Laplace transform £~1(F)(t) of the following function

s+3

el

(Hint: you can use partial fraction decomposition).

e Notice that

A B C  3A(s—1)(s+2)+2Bs(s+2) +Cs(s — 1)
% 36-1) 612 6s(s —1)(s + 2) ’

comparing the coefficients gives
3A+2B+C=0, 3A+4B—-C =6, —6A =18.

Thus
A=-3, B=4, C=1,

and therefore

3 1
L)) =L () )+ L7t t)+ L7 t).
(F)(0) (300 L7 =)0 + £ (g 5O
This then yields
3 41y
f(t) 7 + 36 + 66
c) Use Laplace transform to find the solution of
Y () —yt) =e +e, with y(0) = 7.
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e Applying the Laplace transform, we get

1 1

Y-—-nm-Y = _
5 T s—1+s+1

thus
1 1 T

Y:
G121 o1

which gives

eft

t_
y(t) = mel + te! +sinht = wel + te! + eT

a) Let Y, ., cn€™ be the complex Fourier series of the following function
fl)=1-22 =€ (-mmn).

Compute c,.

e Observe that f(z) is an even function (f(x) = f(—=z)). Its Fourier cosine series
computes

flz)=1- 7;2 —1—7;)4(_7371“008(7135).

Now, using that e* = cos(nx) + isin(nz) and noticing that f(x)sin(nz) is an odd
function, a direct computation gives

2 n
2 ™ 2(_1) inT
1-2z _1_§_Z 2 e,
nez
n#0
Thus )
™
co) = 1-— 3,
and "
2(-1)"
n
b) Compute the Fourier transform of
flz) = ze™ 12,

e We can either compute it directly or use the identity %f(w) = F(—izf(z))(w). In
fact, we have

Fle ly(w) = \/12? /_00 e~ lelem T gy

1 o 4 1 0 .
= — e Te Wy + —— eTe .
vV 2m A vV 2w /oo

After a few steps, this yields
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Thus, using %f(w) = F(—izf(z))(w), gives

which yields

a) Mat 4N: Show that for a # 0

F(flat))(w) = —F(f(1)(—)

e Recall that by definition we have

. 1 00 ,
W) =—— x)e T dx.

f === f@

Thus with a # 0 we have

F(f(at))(w) = \/12? /  Flat)et dt.

Now replace at by x, we get do = adt, or t = z/a and dt = édm. Then, for a > 0 we
find

F(f(an)(w) = - FFO)(E)
For a < 0 we obtain .

F(Ffat)(w) = = FFO)).
This implies that for a # 0

F(fat)(w) = 1 F0)(2)

12
b) Mat 4D: Show that the heat kernel h(z,t) := —L_e~% satisfies hy = %hm.

V2t
o If
Bz, t) = —— e
x? = )
V27t
then
" 1 -1 s 122+ 1 22 —z? -1 :CQ—th
= —  — - e t e t _— =
YT Ver 2 V2t 2 12 212
and ) )
T 1 T ¢ —t
Thus we get that
1
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a) Solve the following heat equation

1
utzium, t>0, 0<x<m,

with the boundary conditions
u(t,0) = u(t,m) =0, Vt>0;
and the initial condition

u(0,2) =sin3z +sinbz, V0 <z < 7.

e Step 1: Separating variables: Find solutions of the form
u(t,z) = G(t)F(x).

Since
u =G'F, ug, =GF”,

our equation becomes

1
G/F - §GF//,
thus
2Gl F// B k
G T Fr

Step 2: Fit boundary conditions: Notice that the boundary conditions

are equivalent to

" —

In case k = 0, then =0, i.e F(z) = ax + b. The boundary conditions imply then
that F" = 0.

In case k = u? > 0, then the general solution for
F" = 1°F
is F'(z) = Ae"* 4+ Be™#*. The boundary conditions imply this time that
A4+ B =0, Ae'™ + Be " =0,

thus A =B =0.

Hence, the only possible case is k = —p? < 0, then the general solution for
= _ p2 F

is F(x) = Acospz+ Bsinpz, such that F(0) = 0 gives A = 0. Thus F(z) = Bsinpz,
B # 0, but F(m) = 0 gives sinpr = 0, i.e.

p=n, n=12...

(notice that sin —px = — sin px, thus up to a constant they give the same solution).
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Summary: The boundary condition implies that p? = n?, n=1,2,..., and
F(x) = F,(z) = sinna.

Now we can solve

and get

Thus the general solution is

n2

o0
u(t,x) = Z Bpe™ 2 tsinna.
n=1

Step 3: Fit the initial conditions: We have
o
u(0,x) = ZB” sinnx = f(x).
n=1

By the uniqueness of the Fourier sine series, we get
33235:1, Bn:O, 1fn7é3,5

Thus
_9¢ . —25; .
u(t,z) =e 2'sin3z + e 2 "sinbz.

a) Find a polynomial p(z) € P3 interpolating the points

zi|-2 0 1 2
yi| 0 1 9/8 0°

e In this case, the easy solution is to use finite differences and Newton interpolation.
The table of finite differences is:

—2] 0
1/2
01 ~1/8
1/8 ~1/8
1 19/8 —5/8
—9/8
2 10

and the interpolation polynomial becomes:

1 1 1 1 1 1
p(z) = 5(:1: +2)— g(x +2)z — §($+ Nr(z—1)=1+ 3%~ 1:):2 — éx?’.
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@ The integral

/a ’ f(z)da

can be approximated by the quadrature formula

Q) =5 (o) + 1(aa))

with

h:Ta, r1=a+h and x9=a+ 2h.

a) Apply the quadrature rule to the integral

/1 Y In(z)dz.

o In this case, h = 1/3, 1 = 4/3 and z2 = 5/3, so the quadrature rule gives

0(1,2) = ;(‘3‘ 1n(§) + gln(g)) — 0.617476.

(For comparision, the exact integral 1(1,2) = 2In(2) — 3/4 = 0.636294.)

b) Find the degree of precision of the quadrature rule. You can use the interval
[a,b] = [—1,1].

e The quadrature is of precision d if fab zFdx = Q(a,b)[z*] for k = 0,1,...,d. And
the choice of interval does not matter, so we use the suggested [—1,1]. In this case
h=2/3,z1 = —1/3 and x5 = 1/3, resulting in Q(—1,1)[z*] = 2} + 5.

k|t abde | Q(=1,1)[F)
0 2 2
1 0 0
2| 2/3 2/9

So, the precision of the method is only d = 1.

a) The following pyhton-code is given:

x = 2.5

for k in range (100):
x_new = (3*x**4 + 24*xx**2 -16)/(8*x*%*3)
# Stop the iterations when
X = X_new

Write down the fixed point iteration scheme which is implemented here.

Suggest an appropriate stopping criterium, and write down the corresponding
python code.
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e The fixed point iteration is xy = g(xg) with

37} + 2422 — 16
8:52

LTe41 =

and g = 2.5.

Stop the iterations when |zj1 — x| < Tol, where Tol is some user defined tolerance.
So the code with a stopping criterium could be something like

x = 2.5
Tol = 1.e-4
for k in range (100):
x_new = (3xx**x4 + 24xx*x2 -16)/(8*xx*%*3)
if abs(x_new-x) <= Tol:
X = X_new
break
X = X_new

b) Given that the fixed point r is known, and all computations are done with very
high accuracy. In this case, the error e = |r — x| for each k would be printed
out as follows:

k= 1, error = 9.50e-03
k = 2, error = 1.06e-07
k = 3, error = 1.49e-22
k = 4, error = 4.14e-67

Use this to estimate the rate of convergence for this iteration scheme.

e The rate of convergence is p if ex11 ~ Ce}. This can be estimated by

log <6’““>
~ p

er1 ~ Cey eh1 [k o\
- C P = ~ = p =

Cht+2 ~ L€ €k+2 €k+1

which for the results in the table gives:

10-7
o (4 )
k=1 P~ = 3.00
9.50-10—3
log <1‘06-10—7)
—22
g (1434557
k=2 = 3.00

pr =
1.06-10—7
log <1491022>

Alternatively, just test for which p the factor ej11/€} is almost constant:

o~

er+1/€k enyi/en  exs1/e}  enii/el
1 1.12-107° 1.17-1073% 0.124 13.1
2 141-107% 1.33-107% 0.125 1.18-10% -
3 2.78-107% 1.86-1072% 0.124 8.39-10%
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So we observe cubic convergence (p = 3).

The following Runge-Kutta method is given:

kl = f(xnayn)u

h h
ko =f n arJdn -k )
2 (xn + 5 yn + 5 1)

Yo+l =¥Yn + hks.

a) Do one step with step size h = 0.1 using the above method on the problem:
v =y + a3, yi(1) = 1.0,
Yo = Y192, y2(1) = —1.0.
e We have:
]T

y=[ywl’. =y +2y3, niyl,

and the initial values are:
y(1)=yo=1[1,-1", x =1
So we get for n = 0:
k; = [2,-1]7,
h T
Yo + §k1 = [1.10, —1.05]

ky = [2.2576, —1.155]7
y1 = [1.2258, —1.116]T.

b) Find the stability function R(z) for this function. Find also the corresponding
stability interval.

e Use the method to solve the linear test equation
y = \y, A< 0.
The stability function R(z) is defined by
Ynt1 = R(2)yn, 2 =hA,
which in this case can be found by:
k1 = Ayn

h hA
ko = A(yn + 5)\3/71) = )‘(1 + 2>yn

hA 2
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so the stability function is
2

R(z):1+z+%.

The stability interval is defined
S={z€R : |R(z)| <1},

that is the set of z for which both inequalities
22 22
1—|—z—|—5§1 and 1+Z+§Z—1

are satisfied. The first is satisfied if —2 < z < 0, the second is satisfied for all z. So
we can conclude that

S =[-2,0].

@ a) In this exercise you are asked to set up a finite difference scheme for the two
point boundary value problem

U’ + 2u = 22, u'(0) + u(0) = 0, u(l) =2,

defined on the interval 0 < x < 1.

Let N be the number of grid points with A = 1/N, and let U; be the approxi-
mations to the exact solution u(z;) in the gridpoints x; = ¢h for i = 0,1,..., N.
Set up the finite difference scheme for a general N in the form

AU = b,

where U = [Up, Uy, ...,Un]7T, that is, set up the matrix A and the vector b.

e Approximate u”(x) at some grid point z; by a central difference formula:

w(zit1) — 2u(z;) + u(x—1)
h? ’

u//(wl) ~

and let U; ~ u(z;) be the approximation to the solution in the gridpoints. So, for
each inner gridpoint, the difference formula corresponding to the differential equation

1S
Uit1 —2Ui + Uiy

h2
From the right boundary condition we see that Uy = u(1) = 2. The left boundary
condition is treated by using a false boundary, assuming we have an artifical grid
point z_1 = —h. Then, using a central difference

+2U; =27, i=12...,N—1 (*)

u(z1) — u(r—1)

/O%
u'(0) 5%

and let U_; ~ u(x_1) the discrete version of the boundary condition «’(0) +u(0) = 0
is

Uy -U_1

5 + Uy = 0.

December 18, 2018 Page 9 of 10



Solutions to exercise set Final exam

So there are two difference equations for ¢ = 0, that is, this one describing the bound-
ary condition and (*) approximating the equation. Solve the boundary difference
equation with respect to U_:

U_1 =U; +2hUy.
Use this in (*) with ¢ = 0:

Uy — 20Uy + (Ul + QhUo)
h2

2U; — (2 — 2h)U
+2p =0 = : (h2 ) 4 91y = 0.

Multiplying by h? on both sides, and using z; = ih gives the following scheme:

—2(1 —h — RHUy + 2U; =0,
Ui_1—2(1—h2)Ui+Ul‘+1 thx?, 1=1,2,...
Uy = 2.

This can be written as a linear system of equations AU = b, that is

[—2(1 — h — h?) 2 0 0 00T U 7 [ 0 1]
1 —2(1 — h?) 1 0 0 Uy h%x?
0 1 —2(1 — h?) . 0 0 Us h%x3
0 1 —2(1 — h2) 1 ) 0 UN,Q hzxz\[72
0 1 —2(1 —h ) 1 UN_1 h TN_1
i 0 0 0 ylon]| | 2 |
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