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Problem 1 [15 points]

Use the Laplace transform to solve the integral equation:
+2/ T)sin(t — 7) dr = u(t — 1) — u(t — 3),

where wu is the Heaviside function (unit step function), given by

0 t <0,
u<t):{1 t > 0.

Problem 2 [10 points]

Let f be a 2r-periodic function, defined over [—7, 7] by

] —m/2 x| = 7/2,
f(8) = { 0 |z| < /2.

Find its Fourier coeflicients.

Problem 3 [10 points]

Define the convolution for functions f : R — R and g : R — R as

(f x9)(@) = [ fle =yl
Use the convolution theorem to compute f * f, where
fla) = em/Co,

and a > 0 is a constant.

Problem 4 TMA/130 Mathematics 4N: [6 points]

Compute the Fourier transform of the following function:

Jz+2 |z <1,
f@)_{o 2] > 1.
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Problem 4 TMA/135 Mathematics 4D: [6 points|

Show that the wave equation,

Pu_ o
otz Qx?’
can be put into the form
0*u
=0
0y 0z

via the change-of-variables y = x + ¢, and z = — t.

Problem 5 [14 points]

Find the solution to the following initial boundary value problem on [0, 7] using
separation-of-variables:

ou  d*u . .
it uw(0,t) =0, w(mt)=0, wu(z,0)=sin(2z)+ sin(4z).
Problem 6 [8 points]

We will use the central difference method to discretize the second-order equation:
u' + dau = r(x), x € [2,5], u(2) =3, u(5) =4

Discretize the interval [2, 5] into intervals of length h. Let U; ~ u(x;), and write
R; = r(x;). Write down the discrete approximation to the differential equation
involving the second-order central difference of u at x;.

Problem 7 [8 points]

a) Given the ordinary differential equation
y = 2%y, y(0)=1.

Write down the implicit (backward) Euler method for this equation for a
given step size h.

b) Choose h = 0.1 and compute an approximate value for y(0.2)
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Problem 8 [7 points]

Find the interpolation polynomial of lowest degree for the following points:

zn |40 |1]2
flan) | -851-9]0]29
Problem 9 [10 points]

Recall the following difference formula for a four times continuously differentiable
function f: R — R:

fla+h) = 2f(@) + fla— )

f"(a) can be approximated by s

Assume that |f®(z)] < 1 for all z € R. Use fourth order Taylor expansion to
show the following error estimate

f//(a)_f(a+h)_2];(2a)+f(a_h) Sibz

Problem 10 [12 points]

a) Show that the equation

has a unique solution on the real line.

b) Write down a bisection method for this equation, using [0, 1] as the initial
interval, and compute the next iteration.

c) Write down the Newton method for this equation. Compute the next itera-
tion x1, using x¢o = 0.5 as the initial point.
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Fourier Transform

1 < 2 fwx ? _
fo) = = [ Flwpe™ du | fw) =

_ 2 _ 2/4(1
e axr 76 w
vV2a
2 a
e—a|x\ -
T w? + a?

1 \/ﬁe—aw
22 4+ a? 2 a

1 for |z| <a \/Esinwa
0 otherwise T w

Laplace Transform

f0) | Fs)= [T at
S
t
cos(wt) S
w
sin(wt
(wt) 52 4+ w?
S
COSh(Wt) m
] w
sinh(wt) 2
N T(nt 1)
Sn+1 ’
forn=20,1,2,...,'(n+ 1) = n!
1
eat
s—a
d(t —a) e as

a

1 n _
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) 1 n _
2" sinaxr dv = ——z" cosax + f/mn Leosaxr dx
a a



Page ii of i TMA4125/30/35 Mathematics 4N/D, — 2020

Numerics

e Newton’s method: xp, 1 = x) — ;c/((g;i))-

e Newton’s method for system of equations: Ty, = T — JF(Z) " F (%),

e Lagrange interpolation: p,(z) = Y}, li’“(fk)) fr, with lp(z) = [T (x — ).

S (@)
(n+1)! *

e Interpolation error: €,(x) = [T;_o(x — )

e Chebyshev points: x; = cos (gkié ), 0<k<n.

e Newton’s divided difference: f(x) =~ fo + (x — x¢) f|xo, x1]+

(x—z0)(x—21) f[20, :L‘1,:E2] o (z—x)(@—x1) - (T —Tpe1) flTo, - -, Tl
with flzo, ...,z = flz1, ikf[ff ..... wpa]

e Trapezoid rule: [° f(z) dz ~ h [%f(a) +fi+fot o+ fu + %f(b)}
Error of the trapezoid rule: |e| < %=2h? max,ejoy | " (2)].

e Simpson rule: [° f(z) dz ~ 2 slfotrafi+2fs+4fs+ -+ 2f o+ 4fu1 + ful.
Error of the Simpson rule: | | < 2ht maxgepy [ (2)].

e Gauss Seidel iteration: x(™+Y) = b — Lx(™+t) — Ux(™ with A =I+L+U.
e Jacobi iteration: x(™*) =b 4 (I — A)x(™.
e Euler method: y, , =y, + hf(z,,y,).

e Improved Euler method: y, ., =y, + 3h[f(z,,y,) + f(z, + b, y},1)], where
yn+1 =Y + hf(xn7 Yn)

e Classical Runge-Kutta method: k; = hf(z,,y,,),
ky = hf(z, + h/2,y, + ki/2), k —hf(xn—i—h/Q vy, +ko/2),
k4 hf(ﬂfn—l—h, yn+k3) Yn+1 1k1—|— 1k2—|— lkg—l— 1k4

e Backward Euler method: y, ., =y, + Af(Zn11, ¥,p1)-

w(@+hy)—u(z—hy) 0%u

e Finite differences: %(a:,y) ~ o ) 58 (x,y) ~ “(”h’y)_27‘&;’?’”“(“’“9).

e Crank—Nicolson method for the heat equation: r = %,

(24 2r)uiji1 — (U1 o1 + i1 gi1) = (2= 2r)ug + (Ui + wi1)-



