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Problem 1. (Fixed-point iterations)

Consider the nonlinear equation x — Vsinx = 0, with x € [7/6, /2], for which we can
write the fixed-point iteration as

Xks1 = VSin xy .

a) Show that the nonlinear equation has a unique solution r in the interval [ 7 /6, 7/2],
and that the fixed-point iterations above will converge to r for any initial guess
Xo in that interval.

b) Starting from xy = 7/2, find an upper bound for the error |xi,; — r| after k = 60
iterations.
Important: you are not being asked to perform these iterations!

Solution.

a) We have the fixed-point equation x = g(x), where g(x) = Vsinx. The fixed-
point theorem, which guarantees the existence of the unique root r and also the
convergence of the fixed-point iterations, depend on properties of the function
g(x). We need to verify the following conditions:

1) There exists a positive constant L < 1 so that |g(x)’| < L for all x €
[7/6,7/2]

2) The function g(x) stays within the interval of interest, that is:
g(x) € [n/6, /2] for all x € /6, 7/2].

To check the first one, we must differentiate g(x):

COS X

2Vsinx.

g(x) = (sinx)% =g'(x) = %(sinx)%_l(sinx)’ =

Since cosx > 0 for all x € [n/6, /2], we have simply
COS X

2\/sinx’

which is a decreasing function for x € [x/6, /2], since the numerator is decreas-
ing and the denominator is increasing (in the interval considered). Because |g’(x)|

lg'(x)| =g (x) =
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is decreasing, we know that its maximum value in the interval x € [7/6, 7/2] is
simply |g’(7/6)|. Hence:

9’| < lg'(=/6)] = % = ? <1.

The first condition of the theorem is therefore met, with L = V6 /4 ~ 0.612.

Then, since g(x) is clearly an increasing function, we know that its minimum
and maximum values within the interval happen for x = 7/6 and x = 7/2,
respectively:

g(n/6) < g(x) < g(n/2) = V2/2<g(x) <1.

Having g(x) € [V2/2,1] implies, in particular, g(x) € [x/6, /2], since the
interval [7/6, /2] contains [V2/2,1]. The last condition is thus fulfilled, which
shows that the fixed-point iterations will convergence to the root r, for any initial
guess x € [7/6, /2].

b) As a consequence of the fixed-point theorem, we have the a-priori error estimate

k+1

1-L

|xpe1 — 7| < |g(x0) — xo.

Therefore, for k = 60 we have

6/4 60+1
lxg1 — 7| < (\/_/—\/_)/Wsinn/ - n/2| ~1.5%x107 8.
1-vV6/4

If the student found the wrong constant L in item a), used this wrong value in b)
but proceeded correctly, that is OK for item b). It is also OK if the student did the
calculations considering k +1 = 60 instead of k = 60.

Problem 2. (Fourier Series)

The function g(x) = x? defined on the interval [0, 7] is to be extended to an odd
function f with period 2.

Sketch the function f on at least 3 periods and compute the coefficients of the real

Fourier series of f.

Solution.

The sketch looks like (3P.)
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19(x)

We can use that the odd extension is an odd function. Hence a, = 0 forn = 0,1,2,.... (1
P.)

For the b, we use, that integrating over half an interval and multiplying that by 2 yields
the result. Hence We get

2 i 2 i
b, = —/ g(x) sin(nx)dx = —/ x? sin(nx)dx
T Jo T Jo

We apply integration by parts. We have in f fg'dx = fg— f f’gdx here with f(x) = x*
and ¢'(x) = sin(nx) so f'(x) = 2x and g(x) = —% cos(nx) We obtain (2 P)

2

b, = E(—x— cos(nx)‘ﬁ + /” = cos(nx)dx.)
n 0 Jo n

We perform another integration by parts on the second term with f(x) = x and
g (x) = % cos(nx) and hence f’(x) =1and g(x) = % sin(nx). We obtain (2P)

2( T2
b, = —(—ﬂ— cos(nm) + 0+ iz Sin(mC)’n - / — sin(nx)dx)
n n 0 0

T n?

We keep the first term, the central term vanishes since sin(nz) = sin(0) = 0 and we

can compute the anti-derivative of the last integral (2 P)
2( n* 2 u 2 2 2
b, = —(—— cos(nrw) + — cos(nx)) ) = —(—— cos(nm) + — cos(nr) — —3)
7\ n n 0 7\ n n n
2 4 4

AR =

The last simplification is not necessary to get the points for this computation.

Problem 3. (Discrete Fourier Transform)

In this task we consider the discrete Fourier Transform (DFT) for signals of length n = 8.
We denote by x; = 27j/8, j = 0,...,7, corresponding sampling points on [0, 27).
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a) We consider the function f(x) = e3* x e [0,27), and its sampling values
fi = f(x;) at the points x; from above.
Compute the discrete Fourier transform f of the vector f = ( fos -5 7).

b) Let g = (0,1,0,0,0,0,0,—1) be a result of a DFT. Is the original signal g = ﬁ—lg
real-valued?

Solution.
. _ ) 1 ifk=3,
a) We can easily read off the Fourier coefficients ci (f) = 0 el (1P.)
else.

Since f is bandlimited with N = 3 < 4 = % the Fourier transform of length
n=2_8is exact, ie f= (C()(f), Cl(f)» CZ(f): C3(f), C—4(f)9 C—3(f)’ C-2 (f)a C—l(f)) =
(0,0,0,1,0,0,0,0).
Alternatively the same argument can be done mentioning the Aliasing Lemma.(4
P.)

b) Similarly to a) we can associate the coefficients to the Fourier coefficients of a

bandlimited function g(x) with cx(g) = 0 for k # +1 and c41(g) = i%i, where the
factor % already anticipates the inverse DFT.

This in turn yields that g is (up to a constant scaling) a sine function. To be precise
the vector g is obtained by sampling g(x) = ; sin(x).

Alternatively one can also compute all 8 terms (consisting of 2 summands each)
by hand and argue, without even computing these exactly, that the exponentials
cancel out w.r.t. their complex components. (5P.)
The exact values of g are g = }1(0, % 1, % 0, —%, -1, —%)

If the students are exact with their Fourier transform and use the unitary one, a
factor of% = % is also ok. With the physical definition (the 1/8 upfront the DFT

instead of its inverse) even the factor 2.

Problem 4. (Laplace transform)

Using the Laplace transform, solve the third-order ordinary differential equation

/7

v’ =y =1,
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with initial conditions y(0) = 0, ¥’(0) = 0 and y”(0) = 1.
Solution.

Applying the Laplace transform to the ODE, we get

Y (s) = y”(0) = sY(s) = 3,

that is,
1 s+1
(33 -)Y(s)=1+-=—,
s s
which gives us
s+1 s+1 1

Y(s) =

s2(s2—-1)  s2(s—1)(s+1) s2(s—1)"
Decomposition of Y (s) into partial fractions is done via

1 ___A B C
s2(s—1) s—-1 s s

Y(s) =

To find the coefficients, we have to satisfy
1=As’+Bs(s—1)+C(s—1) forall s.

In particular, setting s = 1 gives immediately A = 1, while using s = 0 results in C = —1,
so that B = —1 (alternatively, one can solve a 3 X 3 linear system to find A, B, C, which
of course will give the same values). Hence:

1 1 1
Ys)=——"---—"=5 = t)=e' —1-1¢.
=" 7" 2 (1)

Problem 5. (Convolution)

Using the Laplace transform, solve the integro-differential equation

t
y'(t) —5/ y(t — 1) costdr = 8sint,
0

with the initial condition y(0) = 0.
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Solution.

This equation can be written as y’(t) — 5y(t) = cost = 8sint. Applying the Laplace
transform to both sides, we get
S 8

[5Y(9) = y(0)] = 5Y(9) o =

We therefore have
5 8 s2—4 8
1- Y(s) = = Y(s) = ,
[s( 32+1)] (©) s2+1 S[sz+1} ) s?+1

8 8
s(s2—4)  s(s=2)(s+2)°

that is,

Y(s) =

Decomposition of Y (s) into partial fractions is done via

8 A B C
Y(s) +—.
N

= = +
(s=2)(s+2)s s—2 s+2

To find the coefficients, we have to satisfy
8=As(s+2)+Bs(s—2)+C(s—2)(s+2) forall s.

In particular, setting s = 0 gives immediately C = —2, while using s = +2 results in
A = B =1 (alternatively, one can solve a 3 X 3 linear system to find A, B, C, which of
course will give the same values). Hence:
1 1
+
s—2 s+2

2
Y(s) = —~ = yt)=e+e ¥ —2=2(cosh2t - 1).
s

Problem 6. (Understanding Code)

Consider the following Python code for a certain numerical method:

import numpy as np

def f(x):
return 2-2%*x

def Method(f,a,b,N):
X = np.linspace(a,b,N+1)
S =20
for i in range(N):
S = 0.5%( x[i+1] - x[i] )*( f(x[i+1]1) + f(x[il) )

return S
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If the method had been implemented correctly, running Method(f, @, 1,N) should return
an output equal to 1.0 regardless of the input N. However, there is a mistake on one line
of the code that prevents this. In fact, running Method(f,9,1,2), Method(f,0,1,4)
and Method(f,0,1,10), for example, will return 0.25, 0.0625 and 0.01, respectively.

a) Find the mistake and rewrite the incorrect line so as to have the correct imple-
mentation.

b) Once the mistake is fixed, what numerical method will be effectively imple-
mented?

Solution.

a) The composite trapezoidal rule consists in doing

(xi+1 - xl) 5

N
f(xin) + f (1)
S = ; e

but the implementation presented ignores the sum and only delivers the integral
over the last sub-interval (x;, x;41). We therefore have to correct line 10 to

S =S + . 5x(x[i+1]-x[i1)*(f(x[i+11)+f(x[i])) or, even shorter, to

S += 5x(x[i+1]-x[iD)*(fF(x[i+11])+f(x[i])).

b) The (composite) trapezoidal rule.

Problem 7. (Separation of Variables)

Find all non-trivial solutions of the equation

ou u
—=—+4u where0 < x <7 andt >0
ot  ox?

that are of the form u(x, t) = F(x)G(t) and that satisfy the boundary conditions

u(0,t) =0 and u(m,t) =0 fort > 0.

Solution.
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We insert the equation u(x, t) = F(x)G(t) into the PDE and obtain the equation
F(x)G(t) = F”(x)G(t) + F(x)G(1).
Dividing by G(t) and F(x) yields the equation

G(t) _ F'(x) +F(x) _

G(t) F(x) K,

where k is some constant. From this we obtain the two ODEs

F’ = (k- 1)F}
G =kG

We consider now the possible solutions of the equation for F. Thus we have three
possibilities:

k > 1: Denote p = Vk —1 > 0. Then we have the solution
F(x) = AeP* + Be™P*,

From the boundary condition F(0) = 0 we get the condition A = —B, which
implies that F(x) = A(e* — e™?*). From the boundary condition F(x) = 0, we
now obtain that

A(eP™ — e P = 0,

which is only possible if A = 0, as e’ > 1and e™?" < 1. Thus we only end up
with the trivial solution.

k = 1: Here we have the ODE F” = 0, which has the general solution
F(x) = A+ Bx.

From the boundary condition F(0) = 0 we get that A = 0 and thus F(x) = Bx.
Now the condition F(rr) = 0 implies that also B = 0. Thus we obtain, again, only
trivial solutions.

k < 1: Denote p = V1 -k > 0. Then we have the solution
F(x) = Acos(px) + Bsin(px).

From the boundary condition F(0) = 0 we obtain that A = 0 and thus F(x) =
Bsin(px). Now the boundary condition F(7) = 0 implies that either B = 0 (which
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gives the trivial solution) or sin(ps) = 0. The latter is satisfied if p = n for some
n=12,...

We thus obtain the non-trivial solutions
F(x) = Bsin(nx) forn=1,2,...

Since
k=1-p*=1-n

the corresponding solution for G is

G(t) = Cekt = cem)1,

In total, we have the non-trivial solutions

up(x,t) = Ce-mt sin(nx) forn=1,2,...

Problem 8. (Solution to a PDE)

The equation
u du
— +Tu=—
ot? ox?

with boundary conditions

forO0<x<mandt >0

u(0,t) =0 and u(mt)=0 fort >0

has the general solution

u(x, t) = Z sin(nx) (An cos(tV7 +n?) + B, sin(t V7 + nz))
n=1

(You don’t have to show this!)

Use this information to find the solution that additionally satisfies the initial conditions

ou
u(x,0) = sin(x) and E(x, 0) = 2sin(3x) for0 < x < 7.

Solution.
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Inserting ¢ = 0 into the general solution, we obtain that

u(x,0) = i Ap sin(nx).
n=1

Now the initial condition states that this should be equal to
u(x,0) = sin(x).
By comparing the coefficients in front of the sine functions, we see that

A;=1 and A, = 0 else.

Next we differentiate the general solution with respect to ¢, which gives

%(x, t) = i sin(nx)(—An V7 + n?sin(tV7 + n?) + B, V7 + n? cos(t V7 + nz))

n=1

In particular, we obtain for ¢t = 0 that
ou -
—(x,0) = Z B, V7 + n? sin(nx).
ot —~

The second initial condition states that this should be equal to
du
—(x,0) = 2sin(3x).
% (x,0) = 25in(3%)
Again, we have to compare the coefficients in front of the sine functions. For n = 3 we

obtain the equation
B3V7+32 =2,

which simplifies to

B_l
3_23

and all other coefficients are equal to o.

Thus the solution with these initial conditions reads

u(x, t) = sin(x) cos(V8t) + % sin(3x) sin(4t).
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Problem 9. (Numerical Solution of PDEs)

Consider the heat equation
1
u(x, t) = Zuxx(x, t) for0 <x <1landt >0,

with boundary conditions
u(0,t) = cos(t), wu(1,t) =0, fort > 0,

and initial condition
u(x,0)=1-x for0 <x <1

Set up an explicit finite difference scheme for this equation. Use the step length A = 0.25
in the spatial direction, and the step length k = 0.1 in the temporal direction.

Use your finite difference scheme in order to find an approximation to u(0.25,0.2).

Solution.

« Discretisation of the domain and equation:

We start by defining the grid points x; = ih = 0.25i,i = 0,...,4,and t, = nk = 0.1n,
n=012,...

Next we use that

u(x;, tn+1)k— u(x;, tn) +0(k),

u(xi+l, tn) - zu(xia tn) + u(xi—l, tn)
h2

We now ignore the error terms, approximate U ~ u(x;, t,), and insert the finite

difference approximations in the PDE. Then we obtain the equation

Ut (xis tn) =

+O(h?).

Uxx (xis tn) =

vt -ur _ lUin—l - 20"+ U},
k 4 h? ‘

Solving this for U/"*!, we obtain the expressions

k

fori=1,2,3,andn=1,2,3,..., where we have used that k/4h? = 0.1/0.25 = 0.4.
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« Boundary conditions:

For i =1and i = 3, the expressions above depend on U and U}, which we need
to define using the boundary conditions u(0,t) = cos(t) and u(1,t) = 0. From
these we obtain that

Uy = cos(t,) = cos(0.1n) and Uy =0,
which we use in (1)

« Initial conditions:

For n = 0 we make use of the initial condition u(x, 0) = 1 — x, which yields

U’ =1-x; =1~ 0.25i fori=0,...,4.

« Complete algorithm:
Summarising everything above, we obtain the following method:
Initialise: Define
U =1-0.25i fori=1,2,3.
Iteration: Forn = 1,2, ... define
Uy = cos(0.1n) and Uy =0,

and compute

UMt =020 +0.4(U, +ULy)  fori=1,2,3.

Finally, we use this method for approximating u(0.25, 0.2). We are using a step length
h = 0.25 in spatial direction and a step length k = 0.1 in temporal direction, and thus
(0.25,0.2) = (h, 2k) = (x;, ). That is, we have the approximation u(0.25,0.2) ~ U7,
which means that we have to compute U? with the algorithm defined above. We
initialise
Ul=1 U)=075 U=05 U =025 U =0.

Next we compute the values Ul.1 for i = 1,2,3 (we actually do not need U31 for the
computation of U?):

Ul = 0.2U +0.4(UY + Uy = 0.75,

U, = 0.2U3 +0.4(UY + Uy = 0.5,

U; = 0.2U3 +0.4(Uy +U,)) = 0.25.
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Finally, we set U, = cos(0.1) and compute
UZ = 0.2U} + 0.4(U; + Uy) = 0.15 + 0.4 cos(0.1) + 0.2 ~ 0.748.

Thus
u(0.25,0.2) ~ U? ~ 0.748.
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Problem 10. (Numerical Methods for ODEs)

a) Rewrite the second order differential equation
U +8u +7u=0, u(0)=1 u'(0)=1/2
as a system of first order differential equations.
b) Apply Euler’s method to the system, and perform one step with step size h = 0.1.

c) What is the maximum step size h for which we can get a stable solution when
Euler’s method is applied to the system of ODEs from point a).

Solution.

a) Let y; = u and y, = v’. The system becomes
Y= Y2 »(0) =1,
Yy ==Ty1 = 8ys, y2(0) =1/2.
b) Euler’s method is given by
Ynt1 = Yn + hf (t, yn),
which in our case becomes
y11=1+0.1-0.5 = 1.05,
Y31 =05+0.1-(=7-1.0 —8-0.5) = —0.6.
c) This is an issue of linear stability analysis.

The systems of equations can be written as

, R
y =Ay, WlthA—[_7 —8]'

The matrix A has eigenvalues —1 and —7.

If the method is applied to the linear scalar test equation y’ = Ay, where A
represents one of the eigenvalues of A, we get

Yni1 = R(2) yn, R(z) =1+ z with z = Ah.

The numerical solution is stable if the step size h is chosen such that |[R(z)| < 1,
thatis -2 < z < 0. For A = —1 this means h < 2, for A = -7, it gives h < 2/7 =
0.2857 - - - . Thus, stepsizes has to be chosen in the interval 0 < h < 2/7 for the
solution to be stable.



