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`�acbedgfih>jNk�lmf3n*dgn�o9p%n*brq>scsut

v �������(���xw yz�������*�	{ ��!$
��&�

�%|I}r~(�eacp�p%n*b�o�n�f

X

deaco�n�bP�3acbgo�hu����acbgf3n*����o�n�fN��aube�cn*�(���3~��3j

µx = 85

jcbghuo�acj9�>hube~�hu�3d

σ2 = 1jcbghuo 2 l

�L�uhFn*b�d�hu�3��de�	�3��~�jc�3n���n�����acb�h>���uaup3p%n*bg~��3�3�3ac��f3n*��~Dn�����~�����n���f3~�j��>hu��j>��p3beac�3dgn*p%au����n*b�o�~��3f3bgn

n*�3�

84

jcb�huoN�

P (X < 84) = P (X ≤ 84) = P (
X − 85

1
≤ 84− 85

1
) = P (Z ≤ −1)

= Φ(−1) = 0.1587

�D~��3�1n*�L��hu���,�

k

�idg��~��Fh>�Adghu�3�3d��"����~�ju�3n*�gn��#n*brs"l�s� ���acbAh>�A�>acp3p�n�bg~��3�3�3au��f3n��r~�n*����~�����n*��f3~�j9�>hu��ju�

p3beac�3den�p�ac���Ln*bAd���¡cbebgn�n����

k

l

P (X > k) = 0.01

P (
X − 85

1
>

k − 85

1
) = 0.01

k − 85

1
= z0.01 = 2.326

k = 2.326 · 1 + 85 = 87.326

}r~�den�bA¢i£��>acp3p�n�be~��3�3��ac��f3n��A~��ga��g~�����n���f�~�j9�>hu��ju��n�acj�¤ih��	�3n��3ju~�jcnWp3bgau�3dgn*p%ac����n*b���dgaco¥�	~��'hu����n�b

X1

acj

X2

�Zacj�de�'hu�¦dgn�¢i£Ff3~�§Zn*b�hu�3den��

X1 − X2

l�¨"~�f�n��

X1

acj

X2

p%n*jcjcn�n�b��3acbeoNh>����acbef3n�����n

acj�¤ih��	�3n��3ju~�jcnWd�£�n�bAacjcd�£

X1 −X2

�3aubgo�hu����acbef3n������"o�n*f1��acb��cn*�&�g�3~���jcde�un�bgf�~Dacj��uh>bg~�h>�3dLdgaco

��¡c��jcn�b*©

E(X1 −X2) = E(X1)− E(X2) = µx − µx = 0

Var(X1 −X2) = Var[X1 + (−1) ·X2] = Var(X1) + (−1)2 · Var(X2)

= σ2 + σ2 = 2σ2 = 2

fih

σ2 = 1

l
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�L�uh�n�b9dghu�3�3d��	�3��~�jc�3n*�gn��/��aub9h>�;�uaup3p%n*bg~��3�3�3ac��f3n*�9~�f3n��gaIp3bgau�3dgn*p%ac����n*�3n.h��&�	~��un*b9o�n�f o�n�b

n*�3�  ul��zjcbghuo.�

P (|X1 −X2| > 1.5) = P (X1 −X2 < −1.5) + P (X1 −X2 > 1.5)

= 2 · P (X1 −X2 < −1.5) = 2 · P (
X1 −X2 − 0√

2
<
−1.5− 0√

2
)

= 2 · Φ(
−1.5√

2
) = 2 · Φ(−1.06) = 2 · 0.1446 = 0.2892

{ |�� �1jca"fQn*de��~�oNh'��acb

θ̂

n*bAn*��n*de�g~�o�h>��acb�dgaco¥n*b
• ��aube�cn*�(���3~��3jcdgben*�e���if��	d�l

E(θ̂) = θ

�iacj
• �3hub ��~���n��.�>hube~�hu��d��3f��	d*l

Var(θ̂)
n�bL��~���n*��l

}r~ ��~��>n�b��un���f�~�jQjca	f��W�&�	~�d��>hube~�hu��dgn�� o�~��3�>n�b��i£ubWhu�(��hu���¦aup3dgn*be�>hud��eau�3n�bWdgaco n�de�g~�o�h>��aubgn�� n*b

pih>dgn�b��z¢i£1¡c�un*b���acjIh'�W�>hube~�hu��dgn�� j(£ubWo�a>�9s1�i£ub;hu�(��hu����n���acp3dgn*be�>hud$�eac�3n�b;j(£ubWo�a>�;¤�n��3f3n*��~�j

� �uac�3de~�d���n���d���l

`�aNh>�&�g¤3n�����n�n*de�g~�o�h>��acben�b ��acb
σ2 n*b σ̂2 auj S2 l
	Pn�jcjcn�n*de��~�oNh'��acben��3n�n*bL��¤��3�&d��eac�3n*bAh��

∑n

i=1(Xi − X̄)2 acjz��acb £zp%n*bgn�ju�3n���acbe�un��3~��3jcde�un�bef3~�acjz�>hubg~�hu�3d��g~���n�d���~�o�h>�gacbgn*�3n�d�£�p3be¤3�un*b �"~

h>�

V =

∑n

i=1(Xi − X̄)2

σ2

n*b ���e~�� �(�>huf3bgh>�g��acbef3n����Do�n�f

(n−1)

��be~��3n���dgjub�huf3n*b � den ��acbgo�n���d�huo���~��3jcn*�;de~�f3nAq�
���l>}r~"�un*���	~�f3n*bgn

h>�
E(V ) = (n− 1)

acj

Var(V ) = 2 · (n− 1)

l

}r~��>h>�1�3£�¤��e��b��"�&�>n

S2 acj σ̂2 deaco ��¤3���	d$�eac�3n*brh��

V �

σ̂2 =
1

n

n∑

i=1

(Xi − X̄)2 =
V σ2

n

S2 =
1

n− 1

n∑

i=1

(Xi − X̄)2 =
V σ2

n− 1

�rn*bgo�n�fQ��acbe�un��(����~��3j���~���f3n���a�n�d���~�oNh>�gacbgn*�3nu©

E(σ̂2) = E(
V σ2

n
) =

σ2

n
E(V ) =

n− 1

n
σ2

E(S2) = E(
V σ2

n− 1
) =

σ2

n− 1
E(V ) =

n− 1

n− 1
σ2 = σ2

acj��	~�f�n�bgn��>hube~�hu�3den���©

Var(σ̂2) = Var(
V σ2

n
) =

σ4

n2
Var(V ) =

2 · (n− 1)

n2
σ4

Var(S2) = Var(
V σ2

n− 1
) =

σ4

(n− 1)2
Var(V ) =

2 · (n− 1)

(n− 1)2
σ4 =

2 · σ4

(n− 1)
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}r~Ddgn*b�h>�

S2 n*br��acbe�un��(����~��3jcdebgn��g���Zo�n*�3d σ̂2 n*b�dg���en*��l�¨"~�f3n�� n−1
n

< 1

�"~��

σ̂2 ~�f3n*����hu�3jun9��¡u¢

¤3��f3n�ben�de�g~�o�n�ben

σ2 l

} hube~�hu��dgn�����~��3p�n�jcjcnLn*de��~�oNh'��acben��3nLh��&��hub��i£>bPh>�&��hu����acp3dgn*be�>hud$�eac�3n�b�¡c�>n�b*l � d���~�o�h>�gacbgn*�

σ̂2 �ih>b

o�~��3f�bgn��>hubg~�hu�3d n*�3�

S2 ��acbLhu����nr�un�bef3~�n*b h�� n

l

	�n*jcjcn�n�d���~�oNh>�gacbgn*�3n�n�bL�>ac�3dg~�de�gn��(��n>l

�L�"~�dA�	~���n�jcjcn*bLo�n*de�L�cn*�&�r¢i£�h>�L�"~�¡c��dg�un*brn*�#n�d���~�oNh>�gacb deaco n�bL��acbe�un��(����~��3jcdebgn��g� d�£��"~�����n��"~

�un���jun

S2 �io�n���dAn*b f3n*�L�	~��(�g~�jcd��Lo�n*f1o�~���de�Loz¤3��~�j9�>hube~�hu��d d�£��"~�����n �	~��cn*��jcn σ̂2 l

� |#}r~"�eacp3p�n�b o�n�fQ��a�¤ih��	�3n��3ju~�jcn��3acbeoNh>����acbef3n�����nr¤"�g�>hu��j�o�n�fQdghuo�o�n��>hubg~�hu�3d*l

}r~Z�ihub 	�bgau�3dgn*dg¢�n�dg~�hu��~�de�gn���©

X1, X2, ..., Xn

¤Zl ~0lm� l	�3acbeoNhu��o�n�f

E(Xi) = µx

acj

Var(Xi) = σ2 �

acj���n���hu����n*�	de¢%n*be�gn���©

Y1, Y2, ..., Ym

¤�lm~,l � l3�3aubgo�hu��o�n�f

E(Yj) = µy

acj

Var(Yj) = σ2 l

}r~W¡u�3dg�>n�b�£_¤3��f3n�bedg¡c�>n aco ��acb��cn*�&�g�3~���jcde�un�bgf�~�n�� ��~��r�uacp3p�n�be~��3���3ac��f�n*�1~�p3bgac��dgn�p�ac����n�bF��bgh

��n���hu����n*�	de¢%n*be�gn��1n�bL��h��cn*bgn�n������>acp3p�n�bg~��3�3�3au��f3n�� ~Zp3bgac��dgn�p�ac����n�b ��bgh 	�bgac��dgn�n*�&dg¢�n�be�gn���l

�A¤3������acj�hu���gn�be�ih>��~��N�(�	¢�au��n*dgnu©

H0 : µx = µy H1 : µx > µy

H0 : µx − µy = 0 H1 : µx − µy > 0

�rn��An�bLacjcdg£�o9¤3��~�j�£�den*�e��n

µx ≤ µy

deaco

H0

�3o�n���hu����nrp�n�bgn*jc�3~��3jcn���nWp���~�b�¤���acb�h>�3f3bgn���l

�rn�¤3���en*�&�gn9¢ih>b�huo�n*�gn�bgn*�3n�n�b

µx

�

µy

acj

σ2 �iacj��"~�den*�e��n�bAac¢3¢F��¡c��jcn���f3n�n�d���~�o�h>�gacbgn*b�©

µ̂x =
1

n

n∑

i=1

Xi = X

µ̂y =
1

m

n∑

j=1

Yj = Y

S2
p =

1

n + m− 2
[

n∑

i=1

(Xi −X)2 +
m∑

j=1

(Yj − Y )2]

}r~��cn*� h>�A¤3��f3n�b

H0

dg£�n�b

T0 =
(X − Y )− 0

Sp

√
1
n

+ 1
m

t

�,��acbgf3n*��� o�n�f

(n + m− 2)

��bg~��3n*�gdgjcbghuf3n*b�l

}r~%�	~�����acbg�'hud���n

H0

�i£ub

T0 ≥ k

�"f3n�b �>ac�3de��hu�(��n*�

k � �3�3n*dAde��~���h'� `��"¢�n ��� ��n*~���n��.n*b �uac�(�gbgac����n�b��¢i£��3~���£

α

l

P (T0 ≥ k|H0

d�hu���

) ≤ α

k ≤ tα,(n+m−2)

4"5�637���:(<.8>=

f3n*b

tα,(n+m−2)

n*b

α

� �(�>hu�(��~���n��F~�n*�

t

�,��acbgf�n���~��3jzo�n�f

n + m− 2

��bg~��3n*�gdgjcbghuf3n*b�l

�iacbe�>h>de����~��3jcdeo�bg£uf3n>©3�iacbg�'hud��

H0

�i£>b

T0 ≥ tα,(n+m−2)

l

� £ub

α = 0.05

acj

n = 10

�

m = 10

��n�b

t0.05,18 = 1.734

l � �3�3d�h'�g��fih'��h���bgh1��h>p%n*���A N~�au¢3¢ �

j(h��un*��n*�&de��n*�I�ihub �	~,©

x =
850.75

10
= 85.075

y =
842.10

10
= 84.21

s2
p =

1

18
[

10∑

i=1

(xi − x)2 +

10∑

j=1

(yj − y)2] =
1

18
(8.19 + 9.70) = 0.994

t0 =
x− y − 0

sp

√
1
10

+ 1
10

=
85.075− 84.21− 0
√

0.994 ·
√

1
10

+ 1
10

= 1.94

¨"~�f3n��

t0 = 1.94 > t0.05,18 = 1.734

dg£ ��acbg�'hud���n*b��	~

H0

¢3£r�3~��"£

α = 0.05

��acj��>ac�3�&��¤�f3n�ben�b o�n�f

h>�r�uacp�p%n*bg~����3�3ac��f3n*�r~Dp3beac�3dgn*p%au����n*�3n9��bgh ��n*��hu����n��&dg¢�n�b���n*�In�b���h��cn�benzn������uacp3p�n�be~��3���3ac��f�n*��~

p3beac�3den�p�ac���gn��3n���b�h 	�beac�3den�dg¢�n�de~�hu��~�d���n��Zl

� £ub;�	~P��aubg�'hude�gn*�
H0

¢i£��3~��"£Is�l s ��dg£Ip%n�� �	bzf3n*��h>�

p

�2�cn*bgf3~�n�� o�£���� bgn.o�~���f3bgn�n��3�xs�l s �"l

P

�2�un�bgf�~�n��Qn*bAju~��g� dgaco

P (T0 > t0|H0

d�h>�3�

) = P (T0 > 1.94|µx − µy = 0) = 1− P (T0 ≤ 1.94|µx − µy = 0)

�ib�h.��hup%n*���¦qF~ au¢3¢3j(h��cn*� dg£1de��£ub �"~ au¢3¢ ¢3£

P (T ≤ t)

o�n*f

t = 1.94

acj

ν = 18

��acj � �3�3n*b

0.966

�3deaco¥jc~�b

p

�,�cn�bef3~

1− 0.966 �
s�l�s��ut l

� |��¦��k��	� ¢3bgn*f3~��&d$�eac�3~��(�gn�be�>hu����n�b9n��z~��&�gn�b��uh>����dgaco o�n�f k��	� d�hu���3de�	�3��~�jc�3n��z~��3�3n���ac��f3n*b;n*�

�(�Facp�dgn�b��>hud��eac�Zl
� ���(�.aup3dgn*be�>hud��eau�1��bgh 	�bgac��dgn�de¢%n*dg~�hu��~�de��n*���3�'hu���

X0

�3n�b ��acbgo�hu����aubgf3n*���Po�n*f

��acb��cn*�&�g�3~���j

µx

acj/�>hube~�hu�3d

σ2 lP}r~rp�n��(�&�g�gn�b µ̂x = X

deaco n*de�g~�o�h>��acb���acb

µx

acj

S2
p

dgaco

n*de��~�oNh'��acb���aub

σ2 l

�iacbL£�¤��g��n�f�nW¢�bgn�f�~��&d��eac��dg~��(�gn�be�>hu����n�� de��hube�gn�b �	~�o�n*f

X −X0

�ideaco¥n�bL�3aubgo�hu����acbef3n�����o�n�f

E(X −X0) = E(X)− E(X0) = 0

Var(X −X0) = Var(X) + Var(X0) =
σ2

n
+ σ2 = (1 +

1

n
)σ2

�L�"~�d

σ2 �>hub ���en*�&�A�	~�����nrf�n�bgo�n�f

X −X0 − 0√
1 + 1

n
σ
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��� be�rde��hu�3fihubefI�3acbeoNh>����acbef3n�����l � £�n*b

σ2 ¤3���en��(����acj��	~�p�n��(�&�g��n*b�n�d���~�oNh>�gacbgn*� S2
p

li}r~�den�bAfih

¢i£

X −X0 − 0√
1 + 1

n
Sp

deaco¥n�b

t

�,��acbgf3n*��� o�n�f

n + m− 2

��be~��3n���dgjub�huf3n*b�l

�¦�

(1− α)100%

¢3bgn*f3~�d$�eac�3dg~��(��n�b��>hu���Z��aub

X0

p���~�b�fih�©

P (−tα

2
,(n+m−2) <

X −X0 − 0√
1 + 1

n
Sp

< tα

2
,(n+m−2)) = 1− α

P (X − tα

2
,(n+m−2)

√
1 +

1

n
Sp < X0 < X + tα

2
,(n+m−2)

√
1 +

1

n
Sp) = 1− α

f3n*b

P (T > tα

2
,(n+m−2)) = α

2

~

t

�,��acbgf3n*��~��3jcn��Fo�n�f

n + m− 2

��be~��3n���dgjub�huf3n*b�l

� 	r©3�	~��ihuf3f3n���£>�e� f3n�� dghuo�o�n�~��&�gn�b��uh>����n�� �(�	~�d �	~��ihuf3f�nWd���hub���n��Lo�n*f

X0 −X

¢i£�jcbe¤3�3��h��

d��"o�o�n*��be~,l

��n*f

n + m − 2 = 18

acj

α = 0.05

p3��~�b

tα

2
,(n+m−2) = 2.101

acj/�	¤�o�n*bg~�de�un#�un�bef3~�n*bN��acb

~��&�gn�b��uh>����n�� p3��~�b

[82.88, 87.27]

�"fih

x− tα

2
,(n+m−2)

√
1 +

1

n
sp = 85.075− 2.101

√
1 +

1

10
0.997 = 82.88

x + tα

2
,(n+m−2)

√
1 +

1

n
sp = 85.075 + 2.101

√
1 +

1

10
0.997 = 87.27

�rn��L��~���de�>huben��3f3n�~��(��n�b��>hu����n*� ��acb �1n*��h>����n*�&dg¢�n�be�gn��1p3��~�b

[82.01, 86.41]

y − tα

2
,(n+m−2)

√
1 +

1

m
sp = 84.21− 2.101

√
1 +

1

10
0.997 = 82.01

y + tα

2
,(n+m−2)

√
1 +

1

m
sp = 84.21 + 2.101

√
1 +

1

10
0.997 = 86.41

	�beac�3den�p�ac���gn��Qdgaco p3��n�p3be¤3�(�L��~��Z£��	�&¤3denW�	~��3f3¤3n�� ��acd ��n*��hu����n��&dg¢�n�b���n��Qp3��n�oN£>��� �g~���£��ih�n��

�>acp3p�n�bg~��3�3�3au��f ¢i£�����l �cs�jcbghuo1l���hu� f�¤ ¤��z��bgh�~��(�gn�be�>hu����n*�3n�f�¤ �ihub9��hujcn��9a��cn*bzdg~P�3a	nNaco

�(�	~����un��1¢3bea"f3¤�dgn��(� dgaco �>h>�1�3h���hujcn*� p3bgac��dgn�p�ac����n��i�

k ����¢3ben�f3~��&d��eac�3de~��(��n*be�>hu����n*� ��acbPn��F�(�.acp�dgn�b��>hud��eac�.��bgh ��n���hu����n��&de¢%n*be��n*�Facj�k ����¢�bgn�f�~��&d��eac� �

de~��(��n*be�>hu����n*� ��acbLn*�I�(�Qacp3dgn*be�>hud$�eac����bgh 	�beac�3den�dg¢�n�de~�hu��~�d���n���~��3��n��3ac��f3n�bLp�n�jcjunW�un�bgf�~�n��

86.30

l

�rn��An�bLf3n�beo�n*f�o9¤3��~�j�h>�Lp3beac�3dgn*p%au����n*���'hu�Q�>aco�o�n���b�h�p�n�jcjunW¢�bga	f3¤3dgn*�(��n���nul

�rn��L�"~��Z~��	�>n�p3��~���bg¤��	�>n*� ~�¢�a"n*�3j��(�"~�dL~��(��n*be�>hu����n*�P��acb 	�beac�3dgn*dg¢�n�de~�hu��~�de�gn��Qn�b ��hujcn�� o�n*f
S2

x =
1

n−1

∑n

i=1(Xi−X̄)2 dgaco n�d���~�oNh>�gacb���acb

σ2 acjA��acb ��n*��hu����n��&dg¢�n�b���n��;o�n*f S2
y = 1

m−1

∑m

j=1(Yj−
Ȳ )2 deaco n�de�g~�o�h>��aubA��acb

σ2 l ��n*�Ifih��	~���o�hu���eaup3p%nWo�n�fIn*� t

�2��acbef3n���~��3j�o�n�fI���&��l
n− 1

acj

m− 1

��bg~���n*��dejcb�h>f3n�b*�3acj�~��(��n*be�>hu����n���nr�	~�����n�p3��~��g����~��g� p3ben�f3n*bgn>l
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v �������(����� �������i- � � �	������!0!��(


�%| � �1jcn�aco�n*�gbg~�dg����aubgf3n*��~���j�p%n*dg�&bg~��cn�dL�cn*f/©

• }r~�dg�'hu��¤"�g��¡cbenWn�� � ¢i£z��acbe�i£u�3f ��¤����en*�(��hu�(��hu���Z��aubgdg¡u��l
• �L�cn*be�L��acbgde¡c�.�ih>b ��a�oz¤3��~�jcnr¤"�g��hu���,��� dg¤3�&den�dgd
	Wn�����n�b�� � hude�ua�	�l

• ¨"hu�3�3d��"����~�ju�3n*�gn��Q��acb
� de¤3�&dgn�ded�	Wn*bAf�n��1d�huo�o�n�~�hu����nr��acbgde¡c��l

• �iacbedg¡c�>n��3n�n*bA¤3h��	�3n*�3jc~�jcnWh��.�&�un�bghu�3f3benul
• }r~�h��	dg��¤"�g��n*b ��¡cbgd���n�j(hu�3j��	~�ac¢3¢��i£ubLdg¤3�&den�dgd*l

� �"£ub�� �g~�����n*����n�dgn*b �	~�¢3£

X

��dgaco n*b�hu�(��h>����¢�n�bgdeac�3n*b�����n���n��g��n*bro�£�de¢3¡cbgben9~��3�(��~���f�n��#��¡cbede�gn

¢�n�bedgac�3n*�#den�~�n*b��gh��g~��Z£�p���~�o�n�f1~�¢(�	b�huo�~�f3n*dg¢3~�����n*��l	}�~�o�£��ih�h>��©

• }r~ �cn���~��&�unQ¢i£���acbg�i£>�3fx�&�uacb�oNhu��jcnF¢%n*bgdeac�3n�b��	~ o�£ de¢3¡cbebgnu��h>����dg£ hu�(��hu���P��acbedg¡c� n*b

¤3���en*�&��l

• � �(��n*�.�	~���n��F¢�n�bgdeac�Fdgauo p3��~�b�dg¢�¤3be� auo £;o�n*��f3n dgn�j�~��3�Nj��e¡cbenrf3n�� � de¤3�&dgn�ded�� n�����n*bP~��	�>n

�
� hudg�>a ��l

• ¨"hu�3�3d��"����~�ju�3n*�gn��/��acb;h>�9n��/�g~�����n*��f3~�j.�>hu��ju�W¢�n�bedgac� d��uh>bgn�b �gh�n*b

p

��acj#f�n��3�3nNd�hu�3��de�	� �

��~�jc�3n���n*�Fn�bLf3n��1d�h>o�o�n���acbLhu����n�¢�n�bedgac�3n*b �"~�de¢3¡cb*l

• ��n�bedgac�3n*b�dgauo p3��~�bLdg¢�¤3be��auo £�p3��~�o�n*f���oN£�de�>hubgn;¤���n*��¢i£>�	~�be�&�3~��3j���b�h.h>�3f3bgn>�%de��~���h'�

�(�cn*brh��	j��e¡cbgn*��dgn�p���~�b�¤ih��"��n��3jc~�j3l � }�~�dg¢�¡cbL�&�un�bA¢%n*bgdeac��p3hubgn�n��1j(hu��j3l��

• }r~�h��	dg��¤"�g��n*bL�i£ubLn��1¢%n*bgdeac��de~�n*b dgn�j��	~�����~�jW��~���£�p3��~�o�n�f

}r~ � �3��n�b�h>�9f3n*�9n�bzbe~�o�n���~�j1£Ihu�(��h#h>�zf3~�dgden.p%n���~��3jcn���dgn*�3nNn*b9ac¢3¢"�$�"������acjIf3n*bgo�n�f n*b X

n*b

jcn*aco�n*��be~�de����acbef3n����Lo�n*f1¢3hub�huo�n*�gn�b

p

l

}r~ � �3�3n*bA~���aubgo�n���dghuo���~���jcn��Nh>�

E(X) =
1

p

��n*f

p = 1/3

��£ub �	~�f3n*bgo�n�f

E(X) =
1

p
=

1

1/3
= 3

� ¤3�3�(�gd�hu�3��de�	�3��~�jc�3n���n���~�n��1jcn�auo�n���bg~�dg����acbgf3n*��~��3j�n�b ac¢�¢3jc~��e� �cn*f

f(x) = p(1− p)x−1 ; x = 1, 2, . . .

}r~��"~�� � �3��nWdghu�3�3d��	�3��~�jc�3n*�gn��1��acbLh>� X

n�bLde�g¡cbgben�n��3�Q��n�o1�3�i£ub

p = 1/3

l
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P (X > 5) = 1− P (X ≤ 5) = 1−
5∑

x=1

f(x)

= 1−
[
p(1− p)1−1 + p(1− p)2−1 + p(1− p)3−1 + p(1− p)4−1 + p(1− p)5−1

]

= 1−
[

1

3

(
2

3

)0

+
1

3

(
2

3

)1

+
1

3

(
2

3

)2

+
1

3

(
2

3

)3

+
1

3

(
2

3

)4
]

= 1−
(

1

3
+

2

9
+

4

27
+

8

81
+

16

243

)
=

32

243
≈ 0.1317

{ |#}r~	de�'hu� � �3�3nPd�hu�3��de�	�3��~�jc�3n���dgo�hu�&dg~�o�n*bg~��3jcdgn*de�g~�o�h>��acben�� � ¨ � � ����aub

p

pihuden�b��D¢i£

n

¤3h��	�3n*�3jc~�jcn

acp�dgn�b��>hud��eac��n�b

X1, X2, . . . , Xn

l

¨"~�f3n��z�	~3�3hub ¤ih��	�3n��3ju~�jcn aup3dgn*be�>hud��eau�3n�b�p3��~�b�bg~�o�n���~�jc��n*��d���¤3�3�&d��eau�3n��z¢�bga	f3¤3�(��n�� h��zhu����n�¢3¤��3���

�gd�hu�3��de�	�3��~�jc�3n���n���n

L(p) = L(p; x1, x2, . . . , xn) = f(x1, x2, . . . , xn)

= f(x1; p)f(x2; p) · · ·f(xn; p)

=

n∏

i=1

f(xi; p) =

n∏

i=1

p(1− p)xi−1

= pn(1− p)(
P

n

i=1
xi)−n

�rn���n�b n��3�&��n�bgn9£ � ���3nzo�hu�&dg~�o9¤3o h���f�n��I�ih'��¤3be��~�junW��acj(hube~��go�n*��h��1bg~�o�n*��~�jc�3n*�gde��¤3���	d$�eac�3n*�

n*�3�1�g~���be~�o�n���~�jc�3n���d���¤3�3�&d��eac��n��Ff3~�bgn��(�gn � f3~�dedgn��ihubLdghuo�o�n�o�hu�&dg~�oz¤3o ����f�n�bgo�n�f

l(p; x1, x2, . . . , xn) =

���

L(p; x1, x2, . . . , xn)

=

��� (
pn(1− p)(

P

n

i=1
xi)−n

)

= n

���

p + (
n∑

i=1

xi − n)

���

(1− p)

�#h>�	de~�oz¤�o � �3�3n*b �"~�dg£��un�f#£�f�n�bg~��cn*bgn l(p; x1, x2, . . . , xn)

o�n�fQ�3n*�3de�	�I¢3£

p

�

∂l(p; x1, x2, . . . , xn)

∂p
=

∂

∂p

(
n

���

p + (
n∑

i=1

xi − n)

���

(1− p)

)

= n
1

p
+ (

n∑

i=1

xi − n)
1

1− p
(−1)

=
n

p
−
∑n

i=1 xi − n

1− p
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acj�den*�g�gn;f�n*�A¤��g�gbe�	�&�un�� �	~���£ub ��~����	¤����

∂l

∂p
= 0

n

p
−
∑n

i=1 xi − n

1− p
= 0

n(1− p) = (
n∑

i=1

xi − n)p

n− np = p
n∑

i=1

xi − np

p =
n∑n

i=1 xif��	d*l�dghu�3�3d��	�3��~�jc�3n*�gdgo�hu�&dg~�o�n*bg~���jcdgn*de��~�oNh'��acben��.n*b

p̂ =
n∑n

i=1 Xi

�rn*bgdeacoS�"~A�&¤3� �ih>b�n*� acp3den�b��uh>d��eac�

X1

���	~�� dghu�3�3d��"����~�ju�3n*�gdgo�hu�&dg~�o�n�be~��3judgn�d���~�oNh>�gacbgn*�xp3��~

p̂ = 1
X1

li}�~��	~�� � �3�3n9¤"� auo f3n���n�bL��acbe�un��(���3~��3jcdebgn*�e����f��	d�l � �3��nW��acb��cn*�&�g�3~���jcde�un�bgf�~�n�����~�� 1
X1�i£>b

X1

n�bLjcn*aco�n*��be~�de����acbef3n�����l

E(p̂) = E

(
1

X1

)
=

∞∑

x1=1

1

x1
f(x1; p) =

∞∑

x1=1

1

x1
p(1− p)x1−1

= p
∞∑

x1=1

1

x1

(1− p)x1

1− p
=

p

1− p

∞∑

x1=1

1

x1
(1− p)x1

=
p

1− p
[− ��� p] = − p

1− p

���

p

�rn*bLdg~�d���n�a��cn*bgj(hu��j��>aco�o�n�b ��ben�o �un�f#£�p�bg¤3�>nW��acbeo�n*��n*�Fac¢3¢3jc~��g�L~�au¢3¢3j(h��cn*����f��	d�l

∞∑

x1=1

1

x1

(1− p)x1 = − ��� p

¨"~�f3n��

E(p̂) 6= p

d�£�n�b

p̂

~��&�>n���aube�cn*�(���3~��3jcdgben*�e��l
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v �������(����� ���	�*
����i���������	�

�.��- -/�	�%
����	�>}�~(dgn*bD~&f3n*�3�3n ac¢3¢3j(h��un��z¢i£ ��
 dgaco n*�9�>ac�(��~��&¤3n*bg��~�j �>hubg~�hup%n*�,l � ��
 �,��n*de��n*b�dg£ ac¢�¢3jc~�d

��
 � d
��acben deaco��3n�����hu���,�uaujW�	~��"~��i~�p%n*f3¡co�o�n*��dgn*�Nh���p�n�d��uh>bgn���dgn*�3nr~��	�>nA�gbgn*�	�>n�~�¢%a	n���j;�(�	~�d oNh>���ih>b

�>hu��j>� £zben�jc�3nro�n*f.�3n�����hu����~�j ��
 n�����n*bP�ih>b ��huj>�P�g~���n��Qdg��hujcd � �uau�&�g~��&¤3~���n*�gdg�>acbgben��&d��eac� 	���dg£>��bgn*o9� f3n��g�gn

n�bLp�n�jcbe¤3�3�3n���l�¨	�>huben��3n�o�hu�Qfih��uauo�o�n�b���ben�o �g~��Zh��&�	~��>n�bLde��� b�� ��~��gnr��b�hzd��uh>bgn���nWdeaco¥n*b ac¢3¢3jc~��g� ~

f3n*�3�3nW��¡cde�3~��3judgdg�&~�dgdgn*��l

�%|���h

X

��� bgn ��
 � d
��acben���~����g~�����n*��f3~�j��uh>��ju��¢%n*bgdgau��l�}�~%�ihub h'�

X

n�b ��acbgo�hu����aubgf3n*��� o�n*f

E(X) =
100

acj

Var(X) = 152 l

�L�uh�n*b d�hu�3��de�	�3��~�jc�3n���n��Q��acb h'�Ln��F��~�����n���f3~�jW�>hu��ju��¢%n*bgdeac��de�'hu�Z��£zn�� ��
 � d
��acben�¢i£�o�~��3de�� �qcqc�

P (X ≥ 122) = 1− P (X < 122) = 1− P (X ≤ 122) = 1− P (
X − 100

15
≤ 122− 100

15
)

= 1− Φ(1.47) = 1− 0.9292 = 0.0708

�L�"~�d��	~"�gn�d���n�bDn*�¦ben�¢3ben�den��(��h>�g~��&� ¤��e�>hu��j ¢i£�q�
usA¢%n*bgdeac�3n�b*�u�(�>hrn�b�fih ��acb��cn*�&�gn*��h>�&��hu���&¢�n�bedgac�3n*b

deaco ��£ub n*� ��
 � d
��acben�¢i£�o�~���de�� �quqc�

�rn��g�gnNn�bWn�� p3~���aco�~�dg��dg~��g¤ihud$�eac�/o�n�f

n = 270

acj

p = 0.0708

l��iacbe�un��(��n���hu�(��hu���¦¢�n�bedgac��n�b

o�n�f ��
 � d
��acbenF¢i£Io�~��3d��F �qcq�p���~�b

n · p = 270 · 0.0708 = 19.2

lD}�~ ��acbe�un��(��n*b�h'��bg¤3��f��

19¢�n�bedgac�3n*bA��£>b n�� ��
 �2d��*acbgn�¢i£�o�~��3d��� �qcq"l

�L�uh�n�bLdghu�3�3d��"����~�ju�3n*�gn��Q��acbLh>�AoNh>�	de~�o�hu� ��
 �2d��*acbgn�~�n*�L�g~�����n*��f3~�j9¤��e�>hu��j�h��Fde�g¡cbgben���dgn;q�
usz�	~��

��� bgnWde�g¡cbgben�n��3�  �qcqc�

P ( max
i=1,...,270

Xi > 122) = 1− P ( max
i=1,...,270

Xi ≤ 122)

= 1− P (X1 ≤ 122 ∩X2 ≤ 122 ∩ · · ·X270 ≤ 122)

= 1− [P (Xi ≤ 122)]270 = 1− (0.9292)270 = 1

{ |#}r~ hu�(��hubzh>� ��
 � d
��acben.��~�� n�� �g~�����n*��f3~�j1�>hu��ju�z¢�n�bedgac�xn*b��3acbgo�hu����acbgf3n*���Wo�n�f ¤3���en��(����acb��cn��(� �

�3~��3jcd��cn�bef3~

µ

�3o�n��Q���en��(� de��h>�3fihubefih��	�	~��

15

l

}r~	�3hub�acp3dgn*be�>hud$�eac�3n�b

X1, X2, ..., Xn

f3n*b

n = 42

l � �;n�de�g~�o�h>��aub���acb

µ

n*b

µ̂ = 1
n

∑n

i=1 Xi = X

l

�An�bLn�b

σ = 15

���en*�&����dg��~��Nh'�

Z =
X − µ

σ√
n

n*bAd���hu��fihubgf1�3acbeoNh>����acbef3n�����l
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}r~�dgn*�e��n*bAau¢3¢�n��

(1− α) · 100%

�uau� � f3n*�3dg~��&�gn�b��uh>���,©

P (−zα

2
< Z < zα

2
) = 1− α

P (−zα

2
<

X − µ
σ√
n

< zα

2
) = 1− α

P (X − zα

2

σ√
n

< µ < X + zα

2

σ√
n

) = 1− α

��n*f

α = 0.05

acj ~��3�3d�h'�g����hu���'��b�h f3n¦�g~�f3��~�jcn*bgn��An�hu��~�� � �2f3n�����hu�>n�be�3n¦p3��~�bZ~��(��n�b��>hu����n*��� �ck�lmt ��� k���l �>t�� �

fih

x− zα

2

σ√
n

= 94− 1.960 · 15√
42

= 89.46

x + zα

2

σ√
n

= 94 + 1.960 · 15√
42

= 98.54

�¦�g�gn�b�¢3beacjcb�h>o�o�n*���3hub�f3n*��p3��~��g�Zde�g~�����dg¢3¡cbedgo�£u�(aco au¢3¢3j(h��cn*�3n ~ ��
 �,��n*de��n*�W�>hub���aub��uh>�3dg�>n���~�jcnu�

de��~�� h'� ��
 � d
��acben��3n.deaco p3��n�ac¢3¢3�3£uf3f �>hub9��h��cn�benNn*�3� oNh>� �&¤3�3�3nN��aube�cn*�(��nul¦�A�	~�dW�"~Phu�(��h>b

h>� ��
 � d��*acbgn���~�� n�� �g~�����n���f�~�jF�>hu��ju�;¢�n�bgdeac� n�b9�3acbgo�hu����acbgf3n*����o�n�f ��acb��cn*�&�g�3~���jcde�un�bgf�~� �scs#auj

d���hu�3f3hubgfih��&�	~���  �"���(�>h n�b�fih dghu�3�3d��	�3��~�jc�3n*�gn��9��aubDh>��o�hu�9~	n*����~�����n���f3~�j ¤"�g�>hu��jA¢i£rt(qL¢�n�bedgac�3n*b

ac¢�¢3�i£ubLn��1j��en��3�3auo�de�3~��e����~�j ��
 � d
��acben�¢i£�o�~��3f3bgn�n*����n�b ��~���kut&�

� �en��3��aco�de�3~��e��n���h�� ��
 �2d��*acbgnzn��r�g~�����n*��f3~�j�¤��g�>hu��j.h��1de��¡ubgbgn*��den

42

n*br�3aubgo�hu����acbef3n����Lo�n*f#��acb �

�un��(���3~��3j
µ = 100

acj�d���hu�3f3hubgfih��&�	~��

σ√
42

= 15√
42

= 2.31

P (X ≤ 94) = P (
X − 100

2.31
≤ 94− 100

2.31
)

= Φ(−2.59) = 0.0048
�rn*�3�3n;d�hu�3��de�	�3��~�jc�3n���n���n�bA��~��

p

�2�cn*bgf3~�n���~�n����gn�d���h��

H0 : µ = 100

�"d

H1 : µ < 100

p3hudgn*be�

¢i£���h>����n*�3nr��bgh�f�n��g~�f3��~�jcn*bgn��An�hu��~�� �"f�n�����hu�un*bg�3n>l


