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>�?�@BADCE@	FHG(I'JLK,?'G'KMFONQP	J�R	FONSFTG�U�?BVWFOJ�X
Y�ZO[\[]Z9^�_B`3a(_B_BbdcfefeBg(hBiBg(c
jlk ZQm�Z*[\[\Z�no^�pfq3pfZ*`�cBcBg(eBg3r�sBe

tvuxw�yxz{tv|~}��%y�� ��z�y���������w��oyv�.}�w��.}Ou#u
���Bn\b\q3_BaWc"�3q3Z�b�Z�����Z�nH�B�f��g

����q��3�fc����f����r��"���f�

��C$A$AE?BK�KMF�����FOA  LFOV�C�R�A�FON*X
¡�¢3k [d£ls�¤M_Bn�¥W�=Z�q¦Z�aB`3ZQ§L¨B`3q3b�¥&n\Z*©	`3Z9`3�B[]_�[]Z*n��
��?(ªOFOA$A�FONSI\@d«�I'NOV�A�FON�C¬UOK,?BK�C�UOK0C�G�G����_B®3�¯nd°��Bn k _�a&±O�
²���³´��[\[]�µ_B`3`���¶·?BKMFOV=?BK�C�UTGd«�I'N�VWFOA�U�?BV�ADC$J	@B�
²Q_ k ¥ ¢3k _�[]�Bn��3¸om¹�f�(º%�

» j ²vY�¼l^

º"Z*`3b ¢ n*��i���½\_B` ¢ _Bn´�B�B�(s"�

¾ �������(���À¿ Á��������*�	Â ��!$
��&�

»Ãn��f`3b\ZvZ�ndZ*` k Z*afZ�n���`3a�q�Z�n´¥B�f�3��Z�nd�faÄ[]�¯`3`¦Z�nd§3��©fZ*q3��Z�b�[]_B`3q3q�Z k Z*`3ZB��Ål��bÆ[ ¢ q3Z*n\Z*nH¥B�B�3�%Z*n\�¯`3`3§3� k q3Z*[
���3n��f`3b\Z*�%� k []Z*nd_�©�Z�`1af�¯[�[�q3�¯�µZ*`3b�½��f`¦b��f�ÇZ�n k _BafZ*[�_�©¦Z*`�b�®%Z*b\�¯Z k�k [ÉÈ"®�ZQ�3n\�B`3b\Z k Z�aBZ�n\�¯`3a3�

Å¹Z�qÊ�%Z*q3n\�EË$[]Z*`�Ì�NTI'J�U�FTUÉ LFTUOC�?BADC�UOKÉFOJÍ®3n\�	q ¢ b�Z�n�Z�b=q3Z*[=�3n��f`3b\Z*�%� k []Z*n�Î �faÏq3ZO[µZ*n�[T_�[�[µbÆ[]�¯¥	¥&®3n�pB©fZ*nW_�©
n = 10

��n\�f`3b�Z���� k [\Z�n�Ë�n\_x®3n\�	q ¢ ¥&b�½��B`3Z�`��¹²´�f�3��Z�n���`3`3§�� k q3ZO[�Î
Xi

Î
i = 1, ..., n

ÎÐZ�n��µ¨ k [���ÅH�Ñ_B`([]_Bn
_�[

X1, X2, ..., Xn

Z*n ¢ _�©"§�Z�`3af�¯afZ¦�faÍ`3�fn��W_ k Ë��fn\q�Z k [\ZWbÆ[]�f¥'_BbÆ[]��b�¥BZ¦©�_Bn\��_B� k Z*nS�=Z�q
E(Xi) = µx

�Ba
Var(Xi) = σ2 �
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���xÅH�¹_B`([T_Bnv_�[�Ë��fnÆ©fZ*`&[\`3��`�afZ�` Z�n
µx = 85

afn]_B� �fa¦©B_�n\� _�`3b\Z*`ÏZ*n
σ2 = 1

aBn]_B� 2 �¥ ¢ `/� q3ZO[\[\Z
® ¢ `3¥([]Z*[T±O�
¸d©B_�Z*n�b]_B`3`�b�È	` k �¯af§3ZO[]Z�`·Ë��fnl_�[�¥B�B�3�%Z*n\�¯`3`3§3� k q3Z*[Q�¬Z�`·[]� k Ë�Z k q3��aÄ©�_ k a�[l�3n��f`3b\Z*�%� k [�Z*n��µ�¯`3q3n\Z
Z*`3`

84
afn]_B���

°¬�¯`3`1Z*[d[T_ k¯k Î
k
ÎLb k ��¥�_�[´b\_B`3`3bÆÈ"` k ��aB§3Z*[\Z�`#Z*nH�"����r�Ë��fn´_�[´¥��f�3��Z�n\�¯`3`3§3� k q3ZO[H��Z*`�[]� k Ë�Z k q3�¯aS©�_ k aB[

�3n��f`3b�Z���� k [dZ*n´bÆ[]pfn�n\ZQZ�`�`
k
�

ÅH�(b\Z�n�®L¨d¥B�B�3�%Z*n\�¯`3`3§3� k q3Z*[��f[\��[]� k Ë�Z k q3��a ©B_ k aB[\ZÐ�fa ¢ _�©	§3Z�`3aB��afZ¹�3n��f`3b\Z*�%� k []Z*n���¸d©B_�Z*n�b\_B`3`3bÆÈ	`"¤
k ��af§3ZO[]Z*`¦Ë��Bnd_�[d¥B�f���%Z*n\��`�`3§3� k q3Z*[d��q3Z�[\�=��n\�f`3b�Z���� k [\Z�`3Zv_�©&©	��¥BZ*no�=Z�q¦�=Z�n�Z*`3` rB� s�afn\_B���

Ål�&_�`&[]_Bn��fn�Z�b�[\Z�`S_�©l�f®3®3a(_�©BZ�`9_�[��L¨Bq3Z
µx

�fa
σ2 Z*n ¢ ¥�½�Z*`([]Z¹®L_Bn\_B�µZO[]Z*n\ZB��ÅH�fb\Z*n�Ë�pfn\bÆ[�®L¨´Z*b�[\���µ_�[]�fn�Z�n

Ë��fn
σ2 �

Â��·¸d©"� k ¥�ZvZ*afZ�`�b\¥'_B®�Z�nd¥�½�Z�`3`3ZO[]Z*af`3Z�n´Z�`1af�	q¦Z�b�[\���µ_�[]�Bn��
���W_�¥&[ ¢ Z k¯k ZlZ*b�[\���µ_�[]�fn�Z�nÑË��fn

σ2 Z*n σ̂2 �Ba S2

σ̂2 =
1

n

n∑

i=1

(Xi − X̄)2

S2 =
1

n − 1

n∑

i=1

(Xi − X̄)2

°¬�¯`3`ÄË��fn�©BZ�`([]`3�¯`3afbÆ©fZ�n�q3��Z*`��faQ©B_�n\� _�`3b\Z*`µ[]� k q3Zo[\�SZ*b�[]�¯�W_'[]�fn�Z�`3Z�Î(�faS¥��f�µ�=Z�`([\Z�n��%�¸o��`([��	��n ¢ ¥
n�Z k _�b�½��f`�[]� k ¥�½��E¤2¥&©�_Bq�n]_�[ÑË��Bn\q3Z k ��`�a&±O�

Å¹Z�q��%Z*q3n\�EË$[]Z*`·¶ÏFOK,?BA$A�FTG�UÉ LFONOKÉFOJW®�n\�	q ¢ b\Z*n\Z*boq3ZO[H�Bafb]¨��3n��f`3b\Z*�%� k []Z*n´_�©¦b\_B�=�µZ k Z�afZ*n\��`�a��faµq����=Z�`"¤
b�½��B`�b\�f� §3�fb�» n\�f`3b�Z�b�®%Z*b\� _ k ��bÆ[]Z*`��3¸´�fbdY�ZO[T_ k¯k Z�¥&b�®%Z*n�[]Z*`�Z�nÑq�Z*[Ñ[]_�[\[Ãb�[]�¯¥&¥	®�n\pB©BZ�nd_�©

m = 10
�3n\�B`"¤

b\Z*�%� k []Z*n�ÎÐ�BaÏ¥��f�3��Z�n���`3`3§�� k q3ZO[
Yj

Î
j = 1, ..., m

ÎÐZ*n��W¨ k [��¬^�_
Y1, Y2, ..., Ym

©�Ñn\Z ¢ _�©	§3Z*`3af��aBZ1�Ba
`3�fn��W_ k Ë��fn�q3Z k []ZÑbÆ[]�f¥'_BbÆ[]��b�¥BZd©�_Bn\��_B� k Z*n �µZ*q

E(Yj) = µy

�Ba
Var(Yj) = σ2 Î(q3Z*n �3¨Bq3Z µy

�fa
σ2 Z*n ¢ ¥f¤

½�Z�`([\Zo®L_�n]_B�=Z*[\n\ZB��Ål�L_B`([]_Bn _�[¹�W¨ k ��`�afZ�n�[T_�[�[ _�©�¥B�f�3��Z�n���`3`�§3� k q��L��n\�f`3b�Z���� k [\Z�nÐË�n\_Qq�Zd[\�Q�%Z*q3n\�EË$[]Z�`�Z
Z�n ¢ _�©	§3Z*`3af��aBZB�¬ÅH��q3Z*n\Z¦_B`([T_�n�©"�d_'[Äq3Z*[ÄZ*n=b\_B�=�µZÍ ¢ ¥�½�Z�`([]Z�±S©B_�n\� _�`3b�Ë��fn��µ¨ k [�¥B�f�3��Z�n���`3`�§3� k q �
�3n��f`3b\Z*�%� k []Z*n�Ë�n]_�q3Z�[]�Ä��Z�q3n��¯Ë$[]Z*`3ZBÎ�q�©	b��

Var(Xi) = Var(Yj) = σ2 �

�l_�[]_ÄË��Bn�b�[]�¯¥&¥	®�n\pB©BZ�`3ZQË�n]_Ä»Ãn��f`3b\Z*b\®�Z�b�� _ k ��b�[\Z�`1�faµY�Z*[]_ k�k Z�¥&b\®�Z�nÆ[]Z*`�Z*n�®3n\Z*b\Z�`([\Z�n�[H��[T_��%Z k�k rf�

»Ãn��f`3b\Z*b\®�Z�b�� _ k ��b�[\Z�` e�g3��gBg eBg�� hfh efi���sBi efs"���fh e(s"�Er�� efi���hf� efs"��gfi ef����hB� eBg3����r eBg�� sfs
Y�ZO[T_ k¯k Z�¥&b�®%Z*n�[]Z*` efs"� �B� eBg����fi eBg3� g(� e�g3�¯rBr ef��� gfg e(s"��hBc e�g3� s�� e(�"���f� eBg3��hB� ef�"� sB�

��_B�%Z k�k rf�Í²´�f�3��Z�n���`3`3§�� k q � �3n��f`3b\Z k Z*afZ�n���`3a �Àb�[\��¥&¥&®3n\pB©BZ�n Ë�n]_ »Ãn\�B`3b\Z*b\®�Z�b\��_ k �¯b�[\Z�` �fa Y�Z*[Æ¤
_ k¯k Z�¥&b�®%Z*n�[]Z*`����oZ*[¹�f®3®�af��b _'[ÐË��fnÐ» n\�f`3b�Z�b�®%Z*b\� _ k ��bÆ[]Z*`�Z�n ∑10

i=1 xi = 850.75
�fa ∑10

i=1(xi− x̄)2 = 8.19
Î

�fa�Ë��fn´Y�ZO[T_ k¯k Z*¥	b�®%Z*n�[\Z�`1Z�n ∑10
j=1 yj = 842.10

�fa ∑10
j=1(yj − ȳ)2 = 9.70

�
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^�Z�q3Z k b�Z�`Í�Ð»Ãn��f`3b�Z�b\®�Z�b�� _ k ��bÆ[]Z�`#§L_Bnl��q3Z�`·b���b�[\ZS[]�¯q3Z�`·a�½�Z�`([]_�[\[\Z�a(_B`3aBZ�nH��Z�b�¥(È k q�[9Y�ZO[T_ k¯k Z�¥&b�®%Z*n�[]Z*`
Ë��fnµ_�[=¥B�f���%Z*n\��`�`3§3� k q3Z*[µ���3n\�B`3b\Z*�%� k []Z*`3Z1Ë�n\_ Y�ZO[T_ k¯k Z*¥	b�®%Z*n�[\Z�` Z*n k _�©fZ�n�Z�Z*`3` ¥��f�3��Z�n\�¯`3`3§3� k q3ZO[µ�
�3n��f`3b\Z*�%� k []Z*`3Z�Ë�n]_Ä»Ãn��f`3b\Z*b\®�Z�b�� _ k ��b�[\Z�`��3ÅH��pf`3b�¥BZ*nH¨ ¢ `3q3Z*n\b�pf¥BZv�f�Çq3ZO[\[\ZvZ*n�[]� k Ë�Z k¯k Z*[��

� �·°L�fn�� ¢3k�� nÑq3ZO[\[]ZQb��f�ÇZ�`1§(È	®%�B[\Z�b�Z*[]Z*b�[o©fZ�q#¨�q3Z��L`�Z�n\Zv` ¢3k�k §(È"®��B[\Z�b\ZQ�fa=_ k []Z*n\`L_�[\�¯©µ§(È"®��B[\Z�b\Z��
º"ZO[\[ �f®3®=Z�`=[]Z�bÆ[]�f��b\Z�nÆ©�_�[]�fn �fa��L`3`=Ë��fn\¥'_BbÆ[]`3�¯`3afb\�B�µn\¨Bq3Z*[��(¸´©�_Q� k �¯nÐ¥B�B`3¥ k�¢ b$½��f`3Z�`W®L¨Q[\Z�bÆ[]Z�`�Î
�=Z�q¦qL_�[]_=aB�¯[\[Ñ��[T_B��Z k¯k rfÎ3`3¨Bndb\��aB`3���L¥'_B`�b\`3�E©�¨�Z*[�Z*n

α = 0.05
�

³dZ�af` ¢ [
p
¤2©fZ*n\q3�¯Z�`¦©fZ*qx¨��3n ¢ ¥BZQ[T_B��Z k¯k �"�

t
rB��e(� rf��efi rf��cf� rB��cBg rf��cfe �"���f� �	���fi

ν = 18
����c(sfh �"��cfiB� ����cfif� ����cfifi �"��cfiBe ����c(h"r ����c(hB�

ν = 19
����c(sBe �"��cfi"r ����cfiBg ����cfifi �"��cfiBc ����c(h"r ����c(hB�

ν = 20
����c(sBe �"��cfi"r ����cfiBg ����cfi(h �"��cfiBc ����c(hf� ����c(h�g

��_B�%Z k�k �"�	² ¢ � ¢�k _�[\�¯©�b\_B`3`3bÆÈ	` k �¯af§3Z*[ �
t
¤2Ë��Bn\q3Z k ��`�afZ�`��f°��Bn

T
[�¤2Ë��Bn\q3Z k [¹�=Z�q

ν
Ë�n\�¯§3Z*[\b\afn\_Bq3Z*n�Î(b]¨Q©	��b\Z*n

[T_��%Z k�k Z*`
P (T ≤ t)

Ë��Bn ¢3k �¯¥BZl©fZ*n\q3�¯Z�n´_�©
t
�

Y�ZO[T_ k¯k Z�¥&b�®%Z*n�[]Z*` §L_�n=� k �¯[�[ ¢ [\b]_�[�[=Ë��Bn�§ �Ñn�©BZ�n\¥À�faÍ©	��`3q ¢ Z*[=����Z�q3n��¯Ë$[]Z*`3bÄ§3��©fZ*q3¥B�f`([\�fnW� k Z¦¥	` ¢ bÆ[
©fZ*qx_�[ÑZ�`1�3n\�f`�b\Z���� k [�� k Z�¥'_BbÆ[]ZO[d��a�½�Z�`3`3�B� ©	��`�q ¢ Z*[���m�� k �¯[\��Z*[ Z*[�[]Z*n�Ë��fn�b\¥BZ*nob\_B¥BZ*`�ÎL�faÄZ�n��¯`([]Z�n�Z�b�b\Z�nÆ[
�o¨	�L`3`�Z ¢ [µ�f� �3n\�f`�b\Z���� k []Z�`Êb\�f� ¥&` ¢ b�[\Zx©	��`3q ¢ Z*[.Z*nµ®�n\�	q ¢ b\Z*n�[._�© Y�ZO[T_ k¯k Z�¥&b�®%Z*n�[]Z*` Z k¯k Z*nµ_�©
»Ãn��f`3b\Z*b\®�Z�b�� _ k ��b�[\Z�`��


 ���d[ k Z*qÊZO[=��`([]Z*n�©�_ k�k b\�f� �=Z�qÊc(s� b\_B`3`3bÆÈ"` k ��aB§3Z*[=��`�`3Z�§3� k q3Z*n=Z*`Ê`(ÈÀ�f��b\Z�nÆ©�_Bb�½��f` _�© ¥B�f�	¤
��Z�n���`3`3§�� k q3ZO[¬�"Z�`���n\�f`3b�Z���� k [�Ë�n]_l» n\�f`3b�Z�b�®%Z*b\� _ k ��bÆ[]Z*`��B°���`3`9` ¢ �µZ*n\��b�¥BZÃ©BZ�n�q3��Z*n¬Ë��fn���`([]Z*n�©�_ k�k Z*[
©BZ�qx¨��3n ¢ ¥BZvqL_�[]_BZ�`�ZQË�n\_�[T_B��Z k¯k rf�L^�_BaÄZ*[d[\� k bÆ©�_Bn\Z*`3q3Z���`([\Z�n�©�_ k¯k Ë��fn´Y1Z*[T_ k�k Z*¥&b\®�Z�n�[\Z�`��
»Ãn��f`3b�Z���� k [\Z�`¦b\�f� � k Z��3n ¢ ¥([d[]� k ¨�¥	` ¢ b�Zv©	�¯`3q ¢ ZO[o§��fboY�Z*[]_ k�k Z�¥&b\®�Z�nÆ[]Z�`¦� k Z��W¨ k [Ñ[\� k ¨�§L_�ZO[
¥��f�3��Z�n\�¯`3`3§3� k q ®L¨#efi����f��afn\_B�1�¬²Q_B` q ¢ ¢ [�Ë�n\_���`([\Z�n�©�_ k¯k Z*`3Zµq ¢ §L_Bn k _BafZO[S��©fZ*n�b\� `3�	ZW�f�
§(©	� k ¥BZ�`1®3n��"q ¢ b\Z�`([ob\�f� ¥�_�`1§3_ k _BafZ*[Ñ�3n\�f`�b\Z���� k []Z�` �
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¾ �������(����� �������L-/� 
 �	���¬��!�!��(


jlk ZHm�Z*[�[]Z*n�§L_BnÑ� k �¯[�[ b�® ¢ nÆ[d�f� ¨9� k ���µZ*q.��ZO[�®(È	n]_B�=��q3Z*b\®3� k�k �(£ k [Ã§L_B`.[\n\Z�`�afZ�n�¨�a�½�pfn�ZBÎ	Z�n�¨S��Z*[]_ k Z
��`�` Z*` ©	��b�b9b ¢ � ®%Z*`3afZ�n*Î��fa�q�Z�n\ZO[\[\Z�nvn\Z�¥&n ¢ [\[\Z�n\Z=Ë�Z�� `(ÈfZµ®%Z*n\b��f`3Z�n*Î�b��f� b\¥'_ k ® k _Bb�b\Z�n�Z�b9� `��¯©"¨BZ*[
¢ `3q�Z�nd§L_B� ��®(È"n\_B�=��q3Z*`����Ð[\[\Z�nd_�[dq3ZO[dZ�nda�½��fn�[�Î"Ë��fn�b\��¥&n�Z�b jlk Z�m�Z*[�[]Z�nd�f� _�[d®�Z�`3afZ*`3Z�©	� k ��Z�a�È"`�`3Z
¨SbÆ[]n\pB�µ�=Zo�¯`3`����2Ë�p k aBZo®�Z�n�b\�f`3Z*`�b\�f� b\® ¢ n�[\Z jlk Zlm�Z*[�[]Z�n*Î"©	� k Z�`W®%Z*n\b\�B`�b\�f� � k �¯n¹b\® ¢ nÆ[��f� ¨Sq3Z k []_
��®(È"n\_B�=��q3Z*b\®3� k�k ZO[�§L_=Z�`#b\_B`3`3bÆÈ	` k �¯af§3Z*[

p = 1/3
Ë��fn´¨µ� k ���=Z�q�ÎLb\¨µq3ZO[l¨�Ë�¨=Ë�Z*� ®%Z*n\b\�B`3Z�nd[]� k ¨=� k �

�=Z�q�ÎLb�¥�_ k ��¥&¥BZ�©�Ñn\ZQ`3�	ZQ®3n\�f� k Z��1�

°¬pfn jlk Zdm�Z*[�[]Z�n ��Z�b�[\Z��=�µZ*n¹b\Z�a�Î&©	� k §L_B`=n\Z�aB`3Z k �¯[�[ ®L¨Qb]_B`3`�b�È	` k �¯af§3ZO[]Z�n �fa�Ë��fnÆ©fZ�`([\`3��`3aBb�©fZ*n\q3�¯Z�n*Î	Ë��fn
¨ �3`3`3Z ¢ [Ã§(©f�BnÃ�SÈBZl_Bn��%Z*��q=n\Z�¥&n ¢ [\[\Z�n\�¯`3afb�®3n\�fb�Z�b�b\Z�`.©	� k �=Z�q"Ë�pfn\ZdË��fn¹§L_B�1�&¸H_B`µ�%Z*b�[\Z��=�µZ*n b�Z�aSË��fn
¨�b\ZÄ®L¨�q3Z*` bÆ[]�f¥'_BbÆ[]��b�¥BZ�©�_Bn\��_B��Z k Z*`

X
Î�b��f� _B`�af��n�_�`&[]_ k�k ®%Z*n\b��f`3Z�n jlk Z�m�Z*[�[]Z*n9�µ¨.b\®3pBn\n\Z�Î���`�`&[\� k

q3Z*`=«
		N]UOKÉF� LFONTU�I'J�FOJÄ� k ��nÑ�=Z�q1��®(È	n]_B�=��q�Z�b\®�� k�k Z*[��

�����´`3q3Z�n §(©	� k ¥�Z´_B`([T_BafZ k b�Z�n ©	� k
X
©�Ñn\ZHaBZ��f�=Z*[\n\��b�¥9Ë��fn�q3Z k [ ���¬n\Z*b�[\Z�`._�©Ä�f®�®3a(_�©fZ*`W¥'_B`=q ¢ _�`&[]_

_�[
X
Z�n�aBZ��f�=Z*[\n\��b�¥µË��fn�q3Z k [d�µZ*q¦® ¢ `3¥([]b\_B`3`3bÆÈ	` k �¯af§3Z*[

f(x) = p(1 − p)(x−1) Ë��fn
x = 1, 2, ...

�HZ*n\b��f� jlk Z�m�Z*[\[\Z�nQ��Z�b�[\Z��=�µZ*n�b\Z*a1Ë��fnl¨¦q�Z k []_��Ð®(È"n\_B�=��q3Z*b\®3� k�k ZO[�Î�§(©B_�Z*nQË��Bn�©fZ*`([]Z*[9_B`([]_ k�k
®�Z�n�b\�f`3Z*no§3_B`¦�W¨�b\®�pfn\n�ZQË��Bnd¨�Ë�¨��=Z�q¦Z�`�`(È�®%Z*n\b��f`�ÎL`L¨Bn

p = 1/3
�

¸d©B_9Z�nÃb\_B`3`3bÆÈ	` k �¯af§3Z*[\Z�`WË��BnÑ_�[ §L_B`.�µ¨9b�®3pfn�n\Z�3Z�n\ZHZ�`3`WË�Z*� ®�Z�n�b\�f`�Z�n Ë��BnÑ¨vË�¨9Z�`.®�Z�n�b\�f`W[\� k
¨�q3Z k [T_���®(È	n]_B�=��q�Z�b\®�� k�k Z*[�Î"`L¨�n

p = 1/3
�

jlk Z1m�ZO[\[\Z�n=Z�n=b\¥BZ*®�[]�¯b\¥ []� k ��`"Ë��fn\�µ_Bb�½��B`3Z�`À�f�~_'[µ§(©BZ�nµ[\n\Z*q'½�Z¦®%Z*n\b\�B` b\�B�~� k �¯n�b\® ¢ n�[=©"� k �µZ k q3Z
b\Z*a·��`3`�Î��Bax�%Z*b�[\Z��=�µZ*nSb\Z*a#Ë��fnS¨�Z�bÆ[]�¯�µZ*n\ZWb\_B`3`3bÆÈ	` k �¯af§3Z*[\Z�`

p
Ë��fnS_'[�Z�`/®%Z*n\b\�B` b\�f� � k ��nvb\® ¢ nÆ[

©	� k q�Z k []_.�Ð®(È	n]_B�=��q3Z*b\®3� k�k Z*[���¸o_B`Í�%Z*b�[]Z*�µ�=Z�n�b�Z�a�Ë��fn�¨�b\_B� k Z���`�`·qL_�[T_"Î%©fZ*q/_'[Q§L_B`·[]Z k�k Z*nl_B`([]_ k�k
®�Z�n\b��f`3Z*nS§L_B`Ï�µ¨1b�®3pfn\n�Zµ�¯`3`([]� k q3Z�`ÏË�pfn\bÆ[]Z=b�©�_Bn\Z*n�½\_"� �HZ*[�[]ZÄ©"� k §L_B`Ï®3n\pB©BZ.¨�Ë�¨1`��"Z*`/¥'_B�=Z�n]_'[]Z�n
[]� k ¨�§'½�Z k ®%ZQb\Z*aW�=Z�q�� �oZ�`

i
[]Zv¥'_B�µZ*n]_�[\Z�`1§L_B`3bd�f��b\Z�nÆ©fZ*n\Z�nH_�[´§L_B`1�W¨Äb\®�pfn\n�Z

Xi

®%Z*n\b��f`3Z�n*��°�n\_
n¢ `3q�Z�n\b�pf¥BZ k b�Z�ndb\�E[\[]Z*nÃqL_ j�k ZHm�Z*[�[]Z�n�q3_S��a�½�Z�`µ�µZ*q

n
¢ _�©	§3Z�`�af��afZo�f�3b�Z�n�©�_Bb$½��f`3Z*n

X1, X2, . . . , Xn

_�©
q3Z*`�bÆ[]�f¥'_BbÆ[]��b�¥BZQ©�_Bn\��_B�%Z k Z*`

X
�

Â��·°¬�¯`3`¦b]_B`�`3b�È	` k ��af§3ZO[]b��W_B¥&b����=Z�n\�¯`3afb�Z�b�[\���µ_�[]�Bn\Z�`
p̂
Ë��fn

p
�L_Bb\Z*n�[´®L¨Ä�f�3b�Z�n�©�_Bb$½��f`3Z*`3Z

X1, X2, . . . , Xn

�
�É`3aBZ�` _�© ¥'_B�=Z�n\_�[]Z*`3Z#[]� kljlk Zxm�ZO[\[\Z�n.Z*n���`([]Z*n\Z�b�b\Z*n�[¦�o¨ §'½�Z k ®%Z�§L_B� �µZ*q ¢ `3q3Z*n\b\pB¥BZ k b\Z*`��
¸o_B` b\�¯[�[]Z*n�q3Z�nÆË��fn.��a�½�Z�`��=Z�q ¥ ¢ ` q3Z�` Z*`3ZÍ�f�3b\Z*n�©�_Bb$½��f`3Z�` b\�B� §L_B` §L_BnW��`3`3§�Z�`([]ZO[�b�Z k ©%Î
X1

��� n�b]_�`3`3b�È	` k ��af§�Z*[]b��W_�¥	b����=Z�n���`3afb�Z�bÆ[]���µ_�[\�fn\Z*`x�L_Bb�Z�n�[Q®3¨¦¥ ¢ `Ïq3Z*`3`3ZÄZ�`3ZÄ�f��b\Z�nÆ©�_Bb�½��f`�Z�`
Ë��fnÆ©fZ*`&[\`3��`�afb\n�Z*[\[��

Hint :

∞∑

n=1

1

n
an = −ln(1 − a) ; 0 < a < 1
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^�pfn\q3_Ba9�fh"�f`3��©BZ�����Z�n �B�f��g�� k Z��ÑÅ´¤É®3n��fafn]_��µ�=Z*[��M��Z�b�[ `L_�b�½��f`3Z*`��db�Z�`3q�[ ®L¨
	o³o²�rf� ��®3n��fafn]_��µ�=Z*[
� k ZS�BhB��q3Z k [T_B¥�Z�n\Zv��b�[ ¢ q3�¯�=bÆ[]� k [�b�®3pfn\b��W¨ k ��`3`3Z*` ¢�k ��¥�Z�[]Z��µ_��L»Ã_Bb\Z*n�[´®L¨=_ k q3Z*n��faµ_B`([T_ k¯k n\ZO[\[]ZQbÆ©B_�n
�L¥&¥�§(©fZ*noq3Z k []_B¥BZ*nd[\� k q3Z k [ÑZ�` ���o¤Éb���fn�ZB�

��®3n\�Bafn]_B�=�=Z*[�� k Z q3Z*[Ð�f®3® k È"bÆ[ _�[�[]Z*b�[]Z*`�©�_Bn k _BafZ*[�b k ��¥v_�[��W_�`SË��fn�©BZ�`([]ZO[¹_�[ ���H¤2b�*�fn\ZÃ[\� k Z�`�[\� k Ë�Z k q���a
©�_ k a�[�®%Z*n\b��f`�b�¥ ¢3k�k ZQ©�Ñn�Zv`��fn\�µ_ k Ë��Bn\q3Z k [Ñ�=Z�q�Ë��fnÆ©fZ*`&[\`3��`�afb�©BZ�n\q�� r��B���faµbÆ[T_B`�qL_Bn\q3_�©&©	��¥#r�s"�

�HZ*`1�µ_B¥&b\�¯�W_ k Z ���H¤2b�*�fn\Zlb��f� � k ZHn�Z�af�¯b�[\n\Z�nÆ[���bÆ[ ¢ q�����©�_BnHr��f�"Î��Ba�q3Z*[�©�_Bn []��®�Z�n�b\�f`3Z*n�b\�f� §L_Bq3q�Z
q3Z*`3`3Z����H¤2b�*�fn\Z*`��

���Í¸d©B_�Z*n�b]_B`3`�b�È	` k �¯af§3ZO[]Z�`¦Ë��fn�_'[dZ�`�[]� k Ë�Z k q3��av©�_ k aB[Ã®%Z*n\b��f`�b�¥'_ k Ë�¨�Z�` ���o¤Éb���fn�Z�®L¨��µ�¯`3b�[�r��f���
¸d©"�¯b�©	�"[\Z�bÆ[]Z�n¬Z*[Ðn�Z�®3n�Z�b�Z�`([T_�[\�¯©&[ ¢ [�©�_ k ao®L¨��fhB�´®%Z*n\b��f`3Z�n*ÎB§(©�_HZ�n�qL_oË��fnÆ©fZ*`&[\Z*[¹_�`&[]_ k�k ®�Z�n�b\�f`3Z*n
b��f� Ë�¨Bn�Z*` ���o¤Éb���fn�ZQ®L¨=�=��`�b�[�r��B���
¸d©B_ÄZ�ndb\_B`3`3bÆÈ"` k ��aB§3Z*[\Z�`¦Ë��fnd_�[´�W_�¥	b����µ_ k ���H¤2b�*�fn\ZQ��Z*[d[\� k Ë�Z k q3�¯a ¢ [�©�_ k a=_�©�b�[\pfn\n�Z k b\Z9�fhB��©	� k
©�Ñn\Zvb�[\pfn\n�ZQZ�`3`Ïr��f���

�HZ k [T_�¥BZ�n�`3Z#�dbÆ[ ¢ q3�¯� ©�_BnÄq3Z k [=��`3`Ê�db\Z�¥&bµafn ¢ ®�®%Z*n�Î¹q3Z�nµZ�` _�©ÀaBn ¢ ®3®�Z�`�Z#��Z�b�[\�"q _�©Àg&�Í[\��q k ��afZ*n\Z
�Æ³dZ�_ k �¯[ÉÈ(¤2q3Z k [T_B¥�Z�n\Z��T��°¬pfnS®3n\�faBn]_B�=�µZO[SbÆ[T_BnÆ[]ZO[��%Z*b�[\Z��S[\Z.©"�Ã�fb\b�Ë��fnS_�[�`L¨�n�q3Z*[�a�½�Z k q3Z*n ��� _�`3b\Z*n
©	�¹q3Zµg(��[\��q k ��afZ*n\Z�³dZ�_ k �¯[ÉÈ(¤Éq�Z k []_B¥BZ*n\Z*`3ZÄb\�f� ZO[9n�Z�®3n�Z�b�Z�`([T_�[\�¯©&[ ¢ [\©�_ k a�Ë�n\_1��Z*Ë�� k ¥&`3��`3aBZ�`���³dZ�_ k �¯[ÉÈ(¤
q3Z k [T_�¥BZ�n�Z�`3Z��L¥&¥�Z�`1a�½�Z�`3`3�B�µb�`3�¯[�[ k �¯a ���o¤Éb���fn�ZQ®L¨ÄcBg3�

Â��#ÅH��_B`([T_Bn�_�[ ���o¤Éb���fn�Z.[]� k Z�` [\� k Ë�Z k q3�¯a1©�_ k aB[�®�Z�n�b\�f`ÀZ*n�`3�fn\�µ_ k Ë��fn\q3Z k [v�=Z�q ¢ ¥�½�Z�`([ÄË��fnÆ©fZ�`([Æ¤
`3�¯`3afbÆ©fZ�n�q3�

µ
ÎL�µZ*`�¥�½�Z*`&[ob�[]_B`3qL_�n\qL_�©&©	��¥

15
� �d[ k Z�q1Z*[Hc(s  ¥��f` �Lq3Z*`3b\�¯`([]Z�nÆ©�_ k�k Ë��fn�Ë��fnÆ©fZ�`([\Z*[

���o¤Éb���fn�ZQ�L_Bb\Z*n�[´®L¨ÄqL_�[]_�Ë��Bn�q3Z�[]��q k ��aBZ�n\ZH³´Z�_ k �E[ÉÈ(¤Éq3Z k [T_�¥BZ�n�Z�`3Z��
�Ð[\[\Z�n�®3n��fafn]_��µ�=Z*[�§3_Bn�q3Z*[�� k �¯[\[�b�[\� k [�b\®3pfn�b\�µ¨ k �f� �B®3®3a(_�©fZ*`3Z � ���H¤,[]Z*b�[]Z*`v©�_Bn�Ë��Bn�©B_�`3b\¥�Z k �¯afZBÎ
b k ��¥Í_'[ ���o¤Éb���fn�Z�`3Z.b��f� � k Z=�f®3®3`3¨Bq3q ©�_Bn k _�©fZ�n�ZWZ*`3` �W_�` ¥ ¢ `3`3ZWË��Bn�©fZ*`([]ZB�Ð¸´©	��bv©"� _B`([T_�n
_�[ ���o¤Éb�*�fn\Zµ[]� k Z�` [\� k Ë�Z k q���a�©�_ k aB[9®�Z�n\b��f` Z�nS`3�fn\�µ_ k Ë��fn\q3Z k [Q�=Z�q Ë��fnÆ©fZ*`&[\`3��`�afb�©BZ�n\q��lr��f�#�Ba
bÆ[T_B`3q3_Bn\qL_�©&©	��¥=r�s"Î�§(©�_oZ�n�qL_ob\_B`3`3bÆÈ	` k �¯af§3Z*[\Z�`SË��Bn¬_�[��µ_B`S�	Z*[�[]� k Ë�Z k q3��a ¢ [\©�_ k a´®L¨Hg(�d®�Z�n�b\�f`3Z*n
�f®�®3`L¨BndZ�`1a�½�Z�`3`3�B�µb�`3�¯[�[ k �¯a ���o¤Éb���fn�ZQ®L¨��µ�¯`3q3n\Z�Z k�k Z�n k ��¥µcBg	�


