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>@?#ACBEDFBEGHACIKJHLMAC>ONPGRQEDF>TSVUHA�NHWXS;BRD9IYNEG QEWZNE[�\3[�]^A�Q@NVQEDFA�Q.DFUHU
_�`badcfehgMi	jhkml3n3o�p=q=q=r

s �������(���ut v�
�!���w�x��Z!�y����&�	z
�%{H|~}*n3n3c3o�e=gba�eh�����ba�c3}��fam}��3}�n3c�}����m}�n3}h�

L

A1 A2 A3

�f�ba��Ead}*gbn3}�l��
P (L′|A2) � }�n(�&�d�d}�a��	o ad}�g=}���}*n����ba���e=n�n3�m�	n3��o�gb�3}������ba��=�=���3��}���}�n(����am}��3}�n	�c3}*���m}�a��

P (L′|A2) + P (L|A2) = 1

P (L′|A2) = = 1 − P (L|A2) = 1 − 0.2 = 0.8

�f�baK��ad}*gbn3}Vl��
P (L) � adl3�h}�aK�"o��m}*��n�o�n3gb}*n#�b�����=��e=����ehn3n3�m�	n3��o�gb��}*��jf|�o��b}*��eh�

A1, A2, A3

}*a
}*n��feham��o���km�bn1e��El��m��e=�����dam�b����}*�¡ �c�}*�@�d}*aK�	o���}*�d�@e��.�=}�n3n�c3o¢e=g=a�e=����}��F£Fj

P (L) = P (L ∩ A1) + P (L ∩ A2) + P (L ∩ A3)

= P (L|A1) · P (A1) + P (L|A2) · P (A2) + P (L|A3) · P (A3)

= 0.05 · 0.1 + 0.2 · 0.4 + 0.6 · 0.5 = 0.385

¤ {�¥¦}���o�n3gb}����d}*a����baKeh�
X
}�a � o�n3�b��o��d�����badc�}������

• |�o��d��`ba
n
��}�am�d�bn�}�a�j

• �f�ba@�(�b}*a��%}*ad�d�=n�ad}�g=o��m�d}�am}�a��	oC�=�§��}�am�d�bn�}�n����&�=}�a¡}*����}*a�o��	�h}¨���&�=}�a� $���.�h�b��������}�n(����am}
�3}*n3c3}*���d}*a�£Fj

• © e=n3n3�ª�"n���o�g=�3}*�d}�n#���ba«eh�«}�n#�do��¬��}���c�o�g¨�he=��gh����}�am�d�bnH�¬�&�b}�a«}�a p  �=gMc3}*n3n3}¨}*a�c3}*nH��e=����}���baKeh����}�c3}
n
�%}*ad�d�=n3}�n3}��	o��d�3`=a�j
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• � } n
��}�am�d�bn3}*n3}��"o��m�3`baK�m�he=am}�aKlfe��	�3}�n�gbo�g�e��E�(�b}*a�e=n3c�ad}E 

n
lfe��	�3}�n3g=o�gb}����bam�d`b�"£�j

�@n3c3}�a�c3o��d�m} r � }*�do�n3gb}*���m}�n3}~}�a X ��� e=n(��e=���=��}�am�d�bn3}*a��d�b� �¬�&�b}�a �~� o�n3�b��o��d�����bamc3}��¬����}*c��fe=a�eh���}���}�am}
n
�bg

p
j � }*ad��}�c�}�a��de=n3n3�ª�	n3��o�gb�3}*�d�m���bamc3}���o�n3g=}�n#�do�� X

gbo��m�«�=}�c �3l3n3�(���de=n3n3�ª�	n3��o�gb�3}*�d}�n
f(x) 

f(x) =

(
n

x

)

px(1 − p)n−x, x = 0, 1, ..., n

|�o��b}*�«eh�@cfe�}*aK���=am�b}*n(��n3o�n3gb}�nP��o��
X E(X) = np

�=g��he=amo¢e=n��d}�n
Var(X) = np(1 − p)

j
|�o�c3}*ad}=� �	o@�fe=a�eh�

p = 0.2  �bg n = 20
j
P (X = 4)

�fn�n3}�a��"o��=}�c � �d}*�m��}�o�n3n
X = 4

o
�3l�n3�(����ehn3n3�m�	n3��o�gb��}*��}*n

f(x)
���b}�a*j

P (X = 4) = f(4) =

(
20

4

)

0.24(1 − 0.2)20−4 = 0.218

� }��@}�aK�bgb�d���9l3��o�g����3n3n3} P (X = 4)
�=}�c1��e � }������b�3���d�¢ehgP ����
	�oY���bam��}*���de=����o�n3g=}�n�£ 

P (X = 4) = P (X ≤ 4) − P (X ≤ 3) = 0.630 − 0.411 = 0.219

© ehn3n3�m�	n3��o�gb��}*��}*n P [(X ≤ 2)∪ (X > 5)]
�fn�n3}�a �"o%}�n3�&��}��m�¦�b}�c.��e � }������b�3�3�m�¢e=gM ����
	;o����bad��}�� ��de=����o�n3g=}�n�£ 

P [(X ≤ 2) ∪ (X > 5) = P (X ≤ 2) + P (X > 5) = (X ≤ 2) + 1 − P (X ≤ 5)

= 0.206 + 1 − 0.804 = 0.402

� {�«��}*a p
l���km}*n(��j

�C`=ad�m�����=am�b}*n(��n3o�n3g3�

E(p̂) = E(
X

n
) =

1

n
E(X) =

1

n
np = p

E(p∗) = E(
X

n − 1
) =

1

n − 1
E(X) =

1

n − 1
np =

n

n − 1
p

|�o��d}�a��	o�c�}�ad}��f�¨�he=amo¢e=n3�*�

Var(p̂) = Var(
X

n
) =

1

n2
Var(X) =

1

n2
np(1 − p) =

p(1 − p)

n

Var(p∗) = Var(
X

n − 1
) =

1

(n − 1)2
Var(X) =

1

(n − 1)2
np(1 − p) =

np(1 − p)

(n − 1)2

� n1gb�"cP}*�m��o��Me'���ba
p̂
}*a�}�n1}��m�do���eh���=a��d�b� }�a

• ���=am�b}*n(��n3o�n3gb�dam}*�m�  c��	��j E(p̂) = p  �bg
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• �3e=a���o¬��}�n.�he=amo¢e=n��  c��	�*j Var(p̂)
}�aK��o���}*n�j

|�o ��o��h}�a¡�=}���c�o�gPgb�	c��V�&�	o����he=amo¢e=n��d}�n ��o�n3�h}�a�nf�=aVe=n(��e=��� � � �d}*am�he=��km�=n3}�aV�d�b� }��m�do���eh���=ad}�n }*a
� eh�d}�aª�@�f��`=�=}�a*j
© eh����}�n3��o�gbn�}�a��	o«���/}��m�do���eh���=ad}�a��d�=� � }�gbg=}#}�a����bam�=}�n(��n�o�n3gb�mad}��d��}H�=}���gb}�a��"o«}��ª��o���eh�d�bad}*n��}�cE��o�n3�ª�¦�he=amo¢e=n3�*j © e=����}�n���o�n�gb}�a~�	o%����}*�m�do���eh���bam}�a c3}�a��&l3nPc3}*nE}�n3}�}*a¦���baª�b}�n(�dn3o�n3g=�dad}��d� �=}���g=}�a¦�	oYg�km}�amn3}¡c3}*nE}��ª��o���eh�d�bad}*n.�d�b� }�aO���bam�=}�n(��n3o�n3gb�mad}*�m�V ��h�$��}��$km}��&�=}*a��"o%�bgb�d�¨eh��c3}���o��&�h}
}*aK�=}���c3o�g��m�d�ba����bam�d��km}������f�¨�=ehado¢ehn3�d}*n3}�£Fj
�f�ba�� �=}���gb}���}������b�

p̂
�=g

p∗
�m}�a��	o«�f� l��d�dam�	�&�=}*n3}#���ba����baª�b}�n(�dn3o�n3g/�bg �he=amo¢e=n����do�� � }�gbg=}}*�m��o��Me'���bam}�n3}hj

|�o��d}*a�e'�
p̂
}�a¨���baª�b}*n&�dn3o�n�gb�dam}*�d�  ��}*nuc3}*��}*a�o��&�=} p∗

j��V�3amo�n3�mo��3��}*���'e=n^�	o��ª���b�3��}P�3}�a��=g
�h�bn3�&��l3}*ad}���}�cPeh���	oY���=ad}*�dad}*�	�h}�aKc3}*n1���baª�b}*n&�dn3o�n�gb�dam}*�d�d}�}��ª��o���eh�d�bad}*n

p̂
j��1}�n  c3}��K�'e=n.�"��ad}�fn(���;��km}*�&�=}�eh�Oc3}*�Oo��&�h}�}�aO�m�d�ba ���=ad�d��km}*�����f�V�he=amo¢e=n��d}�n���o��fc�}«���;}��ª��o���eh�d�bad}*n3}; ��(�he9�(�"o��¦c3}*n

}*n3};�3e=c3c3}��feh�m������g(e=n�gb}�a��d���ª���ba��he=ado�e=n3���'£Fj
|�o��d}*a eh�

Var(p̂) = ( (n−1)
n

)2Var(p∗)  c��	��j Var(p̂) < Var(p∗)
��}*c¨}�n¨��e=�(�d�ba

(n−1
n

)2 o	���bam�d��km}����,j�f�ba
n = 20

}*aCc3}*n3n3}���e=�(�d�bad}*n
(19

20
)2 = 0.952 = 0.9  c��	��j Var(p̂) = 0.9·Var(p∗)

j � }*ad��}�c��feha}*�m��o��Me'���bam}�n
Var(p̂) � �=c�} ��o�n��m���he=amo¢e=n3�Y�bg�}�a����baª�b}*n&�dn3o�n�gb�dam}*�d��j�|¡o=�=}���gb}�a�c3}*am���ba�}*�m�do���eh���bam}�n

p̂
j
�@�b����}�n(��e=ad}*a��
	��m�	�������h��o��m�  �nf�=a

n → ∞ £��	o��«c3}H��� }*�m�do���eh���bam}�n3}�����am}���o��=}#g=�"c3}hjO|�o
�feha9o �"�=am�9�%}*n3�dl3� o��&�h}M�dn3e=�&�=}*���=� � }�g=ad}���}*�9�=�bn��do��ª��}*n&�d}.}��ª��o��Meh�d�bad}*a  ��}�n � }�g=gb}Mc3o��d�m}}*�m��o��Me'���bam}�n3}�}*a@�h�bn3�mo��m�d}�n(��}hj

x {#|�o��b}*��gb}*a c�}�n��=�bn��d}�aª�heh��o¬�b}@�bg��3o��m��o���� g�km}���c3}�n�} � e=n(��e=�h}����m}�n��b�Te'�
p = 0.2

�d�b� n	l������(�	���=��}*�d}
�bg��(�	�%�h��}��m}�nH�m�b� �	o�`bn3�m�=}*a��¨��}*�m�d}  p > 0.2

�d�b� e=���d}�adn3eh��o¬�M�(�	�%�h��}��m}=j

H0 : p = 0.2 vs. H1 : p > 0.2

|�o � aml3�=}*a p̂
�d�b� }*�m��o��Me'���ba����ba

p
�=g �	oK�"o������bad�'e=�ª��}

H0

nf�ha
p̂
}�a��m�d�ba�j � }*� � }�� �	a.eh���	o���bam�'e=�m�d}�a

H0

nf�=a
Z0 = p̂−0.2q

p(1−p)
n

}*a��m��`=adad}E}*nu}�nu�=�bn��m��ehn&�
k
jC|¡o��m�&ado��=}�a� ���=ad�'e=�m�

H0

nf�ha
Z0 ≥ k � j|�o�c3}*ad} � }*�m�d}�����}*a��"o k �m��o���eh�

P (
� �	��}��O��}�o��

) = P (
���bam�'e=�m�d}

H0|H0

}�a��de=n3n
) ≤ α.

� n3n���eh�m�
Z0 ≥ k

���=a��3}�n3c�}����m}�n�� ���bam�heh�m��}
H0 �

�bg
p = 0.2

���=a��3}�n3c�}����m}�n��
H0

��e=n3n � �
P (
���bad�'e=�ª��}

H0|H0

}�aK�de=n3n
) ≤ α

P (Z0 ≥ k|p = 0.2) = α

P (
p̂ − 0.2
√

0.2(1−0.2)
n

≥ k|p = 0.2)) = α



4"5�637���:(<.8=8

�@}�a�}*a p̂−0.2q
0.2(1−0.2)

n

��o���nf��ad��}*�O�m��e=n3cfehadc.n3�=ad��e=�����bamc3}��¬� l3n3c3}*a
H0

�bg;��e=����}*�
k
�d�=���feha�e=am}�e=�

α
�do����3`h�"am}�o��m��ehn3cfe=amc1n��bad��e=�����=adc3}*��o�n�gb}�n.}*a��(�=ehn&�do���}�n

zα  c��	��j k = zα

j
�2{ � �"�*jf�"o����=ad�'e=�m�d}�a H0

nf�=a

p̂ − 0.2
√

0.2(1−0.2)
n

≥ zα

��� { 	«����}*adnfe'��o��&���'e=nP�	o���`b�m}�l������bam�heh�m��n�o�n3gb�m�b��a��=c3}������b}*a«�m�b�

p̂ ≥ 0.2 + zα

√

0.2(1 − 0.2)

n

�f�ba
α = 0.01

}�a
z0.01 = 2.326

j�|�o�c3}*ad}M�3e=a;�	o
n = 200

�bg
x = 55

j�|¡o �'e=n � aml3�=} � }�g=gb}���h��}*n3}¡���baK���d�&ado¬�b}��b�3�P���bam�heh�m��n�o�n3gb�m�b��a��=c3}����
�2{ p̂−0.2q

0.2(1−0.2)
n

= 2.65
�m�b� }�aK�ª��`bamad}�}�n3n

2.326  �bg�gbo�a¦���bad�'e=�ª��n3o�n3g3j

��� {
p̂ = 55

200
= 0.275

�bg1���bad�'e=�ª��n3o�n3gb�m�b��ad�=c3}��
p̂ ≥ 0.2 + 2.326

√
0.2(1−0.2)

200
= 0.27

j��@}�a;}�a
0.275 > 0.27

�bg��	o����bam�heh�m��}*a
H0
j

�@�bn3�&��l3�$km�bn3}*n }�a�eh��c3}*���"oV�fe=a1� � �m}�aª�b}�aª�  �}*����}�aPn3�	} �=}�adam}�£P}�a#��o��d} �de=n3n3�ª�	n3��o�g  ���o�n3c3ad}
�de=n3n3�ª�"n���o�g }�n3n q�j q ��£¨nf�=a

H0

}�a���ehn3n  �bg �	o����bam�heh�m��}*a�c�}�ad��}�c H0

�bg �=�bn3�&��l3c3}�am}�a���}*c
eh�

p
}*a@�ª��`bamad}�}*n3n

0.2
j

P− �b}�amc3o�}*n e=n�gbo�aE�de=n3n3�ª�"n���o�g=�3}*�d}�n ���=aEc3}*�1�	oV�3e=aP� � �d}*am�=}�am�#}�����}�aEn��"}��b}*adam} gbo¬�d�1eh� H0}*a���e=n3nX �c�}�a¨�b}*adam}1��}�n3�m�%}*o���}*a��f��c3}�n e=�¬��}*adnfeh�do��=}.�(�"���=�d}��d}*n�£�j |�o��fe=a¨���bam�'e=�m�d}*�
H0

��}*c
�mo�gbn3o¬�f�'e=n3�mn3o��h�

0.01  c3}*� � }*� �	a eh�~c3}�� �	of�feha � � �d}*am�b}*am�O}�����}�aCn3�"}��=}�adam}K�fe=a~��o�n3c3am}���e=n�n3�m�	n"���o�gb�3}��9}*n3n
0.01

n3�=a
H0

}*a¨��ehn3n�j � }*� � }*� �	a�eh� p
�2�=}�adc�o�}�n �do��~��}*�m��}*n �	o��O�"��am}����	��
���V}*n3n

q�j q �bj
|�oC�'e=n�a�eh�d�(��ad}*gbn3}¨l"�

p
�,�b}�amc3o�}*n  ���}�nHc�}*��}*a¡o��&�=}9�	am}*�	c o��b���3g(e��b}�£�jY|�oC�fe=a«� � �m}�am�=}�aª�9e'�

z0 = p̂−0.2q
0.2(1−0.2)

n

= 2.65
j �«n�c3}�a

H0
}�a;c3}*�9��}*a9}*�	�ª��am}��9�9�&�	o��¨c3}�n�n3}M�b}*adc3o�}�n �3e=c3c3}M�"��aª�

}*n3cfe��m��`=adad}hj
P (
c�}*���	o��fe=aK� � �m}�aª�b}�aª��}*����}�a�n3�	}��b}*adad} |H0

}*a���e=n�n
) = P (Z0 ≥ 2.65|p = 0.2)

= 1 − Φ(2.65)

= 1 − 0.9960 = 0.004
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s �������(����� v.������&����'���&�
�%{

X
}�aKn3�=ad��e=�  

µX = 0.15
�&ad�bn3}*a  σX = 0.6

�&ad�bn3}*a�£

P (X < 0) = P (X ≤ 0) = P (
X − 0.15

0.6
≤ 0 − 0.15

0.6
)

= Φ(−0.25) = 0.401

P (0 ≤ X ≤ 0.15) = P (X ≤ 0.15) − P (X ≤ 0)

= P (
X − 0.15

0.6
≤ 0.15 − 0.15

0.6
) − Φ(−0.25)

= Φ(0) − Φ(−0.25) = 0.5 − 0.401 = 0.1

|�o��d}�aK�f�
10 · X �bg��fn�n3}�aK���bam�=}�n(��n�o�n3g��bg��he=ado�e=n3�*�

E(10 · X) = 10 · E(X) = 10 · µX = 10 · 0.15 = 1.5

Var(10 · X) = 102 · Var(X) = 102 · σ2
X = 100 · 0.62 = 36

¤ {
X
}�a�n��bad��e=�  

µX = 0.15
�&ad�bn�}�a  σX = 0.6

£¦�bg
Y
}�a�n��bad��e=�  

µX = 0.15
�	am�bn3}*a  σX = 0.8

£Fj
��ad}��m�da�eh�d}�gbo�}�a��m�heh����e=����}*n3��o�gbn3}*�  �=g�c�}�n1��}*c���o�n3�ª��ado��do��=���b}*��gb}*��j
��o�n3�m�;ado��do��=�1�fe=aV�Me=n �(�"o��;��e=n �fe=aV�3`=� ���baª�b}�n(�dn3o�n3g=�m�b}*adc3oO�bg1��o��d}�n �he=ado�e=n3��j 	«����}*adnfe'��o��&�
�'e=nH��e=n��do�eh����o�n��m�«ado��mo��h���feha�c3}*nH�m�da�eh�d}�gbo�}�nHc3}*a«�	o��fe=a���o�n��m�@��e=n�n3�m�	n3��o�gb�3}������ba«����e=��}
��}�n3g=}�a�j%  � l � }��3`h�b}�a � e=am}@�m}«�3�V���baª�b}�n(�dn3o�n3gV�bg��he=ado�e=n3�  }*����}�a~e=�¬��}�amnfeh�do��&�~�f����e=n3n��m�	n3��o�gb�3}�����ba���e=���.o��&�=}��f� � }*gbgb}�c3}*��}�a�£�j|�o��m��l�c3}�am}�a@c3}���ad}��ª��adeh��}*gbo�}*n3}=�
�2{ �Okm`b�E�d��eh�	�$km}�aKo 	�g=c3}�aª��adl3�(�  ���=am��km}*n3}��ª��}*n#}�a�c3e 2 · X j

E(2 · X) = 2 · E(X) = 2 · µX = 2 · 0.15 = 0.3

Var(2 · X) = 22 · Var(X) = 22 · σ2
X = 4 · 0.62 = 1.44

P (2 · X < 0) = P (2 · X ≤ 0)

= P (
2 · X − 0.3√

1.44
≤ 0 − 0.3√

1.44
)

= Φ(−0.25) = 0.40

|�o��&l3n3n3}V�d}��d��eh�
P (2 · X < 0) = P (X < 0)

l���}*n�am}�gbn3o�n3g3j
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��� { �Okm`b��}�n e=�&��km}9o 	«gbc3}�aª��adl3�(���=gM}�n eh�	�$km}¨o ��am`bn3c3}*am��adl��&�  ���baª��km}*n3}��ª��}�n�}*a�cfe X + Y
�bg

X
�bg

Y
}�aKlfe��	�3}�n�gbo�gb}hj
E(X + Y ) = E(X) + E(Y ) = µX + µY = 0.15 + 0.15 = 0.3

Var(X + Y ) = Var(X) + Var(Y ) = σ2
X + σ2

Y = 0.62 + 0.82 = 1.0

P (X + Y < 0) = P (X + Y ≤ 0)

= P (
X + Y − 0.3√

1
≤ 0 − 0.3√

1
)

= Φ(−0.3) = 0.38

���0�2{ �Okm`b�E����e=�&��km}*aKo ��am`bn3c3}*am��adl��&�  ���bam��km}�n3}*�m��}*n�}*aKcfe 2 · Y j

E(2 · Y ) = 2 · E(Y ) = 2 · µY = 2 · 0.15 = 0.3

Var(2 · Y ) = 22 · Var(Y ) = 22 · σ2
Y = 4 · 0.82 = 2.56

P (2 · Y < 0) = P (2 · Y ≤ 0)

= P (
2 · Y − 0.3√

2.56
≤ 0 − 0.3√

2.56
)

= Φ(−0.19) = 0.43

�@}�a��m}�a��	o�eh��e=����}@�dad}¡�ª��adeh��}*gbo�}*a¦�fe=a¦��e=����}@���bam�=}�n(��n�o�n3gb�ª�b}*adc3o  ��}�n3���ª��adeh��}*gboYo�o$£ �fe=a���e��=}��ª��he=amo¢e=n3�*j�|¡o(�	o��&c3}�aª���ba����bad}���ad}*�&�=}��@��km`b�%}�}*n#e=�&�$km};o 	«gbc3}*am��adl��&�@�bg�}*n#e=�&�$km};o ��ad`=n3c3}�aª��adl3�(��j
|�o��m}�a«eh�K�	o����ha@�de=����}��=�=n3�&��l3�$km�bn  c��	��j%eh�@c3}*�«}�aK��o�n3�ª�@��e=n3n��m�	n3��o�gb�3}��@���=a«����e=��}��%}*n3gb}*anf�haK�	o���km`b��}�a�}*n#e=�&�$km};o 	«gbc3}*am��adl��&�@�bg�}*nHe=�&��km}�o ��ad`=n3c3}�aª��adl3�(��j

� { © o¬��lfeh��km�bn3}*nH}�a«}�nH�	o�c�}�ad}���`bado�n3g.e����do¬��lfe=�$km�bn3}*nHo pheM�bgEp �� c�}�a��	o�nf�Mo�n�n���`bad}*a��&l3am�d}�n�c3ado�n3g���ba��f}�am}Vc3e=gb}�a*j�|¡oY�fe=a����ba 	«gbc3}*am��adl��&�«eh�
Xi

}*a�n3�bam�Me=�¬���badc�}����O��}�cE���bam�=}�n(��n�o�n3g
µX = 0.15�&aV�bg��ª��e=n�cfe=adc3e��&�	o��

σX = 0.60
�	a*j ��o����m�he=ad}*n3c3}����ba ��ad`bn3c�}�am��aml3�(�¨��}�c

µY = 0.15
�&aV�bg

�ª��e=n3c3e=adcfe��&�	o��
σY = 0.80

�&a*jY|¡o�c3}�am}¨}�a¡�&l3am�d}*n3c3ado�n3gb}*n �3�.l3��o��=}9c3e=gb}�a�lfe��"��}�n3gbo�gb}=j � }*�m��}
� }*� �	a¡e'� Xi

�=g
Xj

}�a«lfe��"��}�n3gbo�gb};���=a
i 6= j  eh� Yi

�bg
Yj

}�a@lfe��	�3}�n3g=o�gb}V���ba
i 6= j

�bg.eh�
Xi�bg

Yj

}�aKlfe��	�3}*n3gbo�g=}¡���ba
i 6= j

j
© }*a¦�	o%�3�;�fgbl3am}�nE���b}*a�l��m�"o��&��o�n�gb}�nMe���c3}«���¨eh�	�$km}��&l3am�d}�n�}  ���;�d}�aO�"oYeh�Oc3}����;�&l3am�=}�n3}���`b��gb}�a�(�b}*a�e=n�c3ad}H�=g eh��}�n ���b�mo���o¬�^}�n�c3ado�n3g ���=a 	«gbc3}�aª��adl3�(�M�=�$��}1�d��km}�a���e=����}�n ��}�c }�n ���b�mo���o¬�
}*n3c3ado�n3g#���ba���ad`bn3c�}�am��aml3�(��j � }*� � }�� �"a¨eh� Xi

�bg
Yi  ����� �V}�a;lfe��"��}�n3gbo�gb}  ��}�n e'�9�	oO�m}�a¨}*n

�	��
 ��� ��«�h�badam}���e=��km�bnYj�|¡o��m}�a@eh� Xi

�bg
Yi

}�a �	��
 ��� ������ � � � ��� � ��� ��j
�@�badam}��¢eh��km�bn3}*n���}*�����=�

Xi

�bg
Yi

���=a�c3o��m�d}~���K�d}*���d�'e=��}�n�}  ρ(Xi, Yi)  ����cfe¨����am} 0.5
�mo�c3}*n;c3}��

}*a@c�}*�@}�n3}*�m�d}9e��Pc3}���am}����bad}*�d�¢�'�d��}¡�=}�amc3o�}*n3}V���=a��=�bamad}���e=��km�=n3}�n1�d�b� }�aK�%�=�do��do���j ��o�����e=����}�n"�
��o�gbn3o�n3g9�d� � }�� �"aK}*n1�h�badam}���e=��km�bnE�3� 0

e'���	o��d}*a@�ª�"��am�@��o¬��}�nM��e=����}*n3�3}*n3g���}*�����=� }�n3c3amo�n3g=}�n
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o�e=�&�$km}*�b}*adc3o�}�n#�do�� 	«gbc3}*am��adl��&�«�bg�}�n3c�ado�n�gb}�n1o�e=�&��km}��b}�amc3o�}*n#��o�� ��ad`bn3c�}�am��aml3�(�� ��(�"o��
Xi

�bg
Yi}*aVl3e��	�3}*n3gbo�gb}���`bad}*a�c3}*����o�� eh���h�badam}���e=��km�bn�}�n }�a�q(£Fj �«�bamad}���e=��km�=n���}*c n�}�g(eh�do����b}�amc3o  � j }��&�*j

−0.5 (� }*� �	a eh�~}�n����b�do¬��o��;}�n�c3ado�n3g�o�	�gbc3}*am��aml3�(�O�h�$��}��d��km}*aO�de=����}�n���}�c�}�n�n3}*g(eh��o¬�¨}*n3c3ado�n3g���ba ��ad`=n3c3}�aª��adl3�(��j
|�o �d}�aV���P�f�Pg�km}*n3n3�b���dn�o��d�d}*�����b}*a ��qPc3e=gb}�aVe���c3o��Y}*a�e=n��d}�n�}�o }*n3c3ado�n3gb}*n o~e=�&�$km}��&l3ad�m}�n/�do��
	«gbc3}�aª��adl3�(�@�bg�}�n�c3ado�n3gb}�n1o�e=�&��km}*�&l3ad�m}�n#�do�� ��ad`=n3c3}�aª��adl3�(� D j

Di = Xi − Yi

D =
1

10

10∑

i=1

Di

�C`=ad�m�����=am�b}*n(��o�n�gb�m�=}�adc�o,�

E(D) = E(
1

10

10∑

i=1

Di) =
1

10

10∑

i=1

E(Xi − Yi)

=
1

10

10∑

i=1

[E(Xi) − E(Yi)]

=
1

10

10∑

i=1

[µX − µY ]

= µX − µY = 0.15 − 0.15 = 0

�C`=aO�	o � }�am}�gbn�}�a¦�he=amo¢e=n3�m}�nM�do�� D �d}*aO�	o%��`=ad�m�¦�f�;�he=amo¢e=n3�m}�nM�do��
Di

j&|¡o � adl3�h}�a¦�	o%���=ad��}���}*n����ba�he=amo¢e=n3�m}�nP��o��Y}�n���o�n3}���am�=�b� � o�nfe=�$km�bnE�f���do�c3}��=r�o����bad��}�����e=����o�n3gb}�nH ���}�nE�"�=aK�dl3� �3e=a � e=am}�d����}�c3cf£�j
Var(Di) = Var(Xi − Yi)

= Var(Xi) + (−1)2Var(Yi) + 2 · (−1) · Cov(Xi, Yi)

|�o%��am}�n3g=}�a��=���he=amo¢e=n3�m}�nE��}������b�
Xi

�bg
Yi  c��	��j����=a�}�n3c�ado�n�gb}�nEoYe=�&��km}*�=}�amc3o�}*n1�do�� 	�gbc3}*am��aml3�(����ba«cfe=g

i
�=g.}�n3c�ado�n�gb}�n�o�e=�&��km}��b}�amc3o�}*n �do�� ��am`bn3c3}*am��aml3�(�¡���ba�c3e=g

i
 ��de=����}Vcfe=g&£Fj � }*n3n3}�}*a

����� �@q"j�|�o��=}*�¡eh�
ρ(Xi, Yi) = 0.5  �=g��	o��3e=a«��`b��gb}�n�c3}���e=����}*n3�3}*n3gM��}������b� �h�badam}���e=��km�bn��bg

�h���he=amo¢e=n��9 $���bad��}�����e=����o�n3gb}*nM�do�c3}����(£Fj

ρ(Xi, Yi) =
Cov(Xi, Yi)

√

Var(Xi)
√

Var(Yi)
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� }*ad��}�c � ��o�a Cov(Xi, Yi)

Cov(Xi, Yi) = ρ(Xi, Yi)
√

Var(Xi)
√

Var(Yi)

= ρ(Xi, Yi)σXσY

= 0.5 · σXσY

�K}�gbn�}�a��	o��"o�c3}�am}��f�
Var(Di)

���=a��	o�cfe��
Var(Di) = Var(Xi − Yi)

= Var(Xi) + (−1)2Var(Yi) + 2 · (−1) · Cov(Xi, Yi)

= σ2
X + σ2

Y − 2 · ρ(Xi, Yi)σXσY

|�o �fe=a¡�	o�c�}�ad}�eh�
Di

�bg
Dj

}*a�lfe��	�3}�n3g=o�gb}¨���ba
i 6= j

j � }*�m��}��do�c3}�n �&l3ad�m}�n3c�ado�n�gb}�a����ba�l3��o��h}cfehgb}�aK}�a�l3e��	�3}*n3gbo�gb}=j

Var(D) = Var(
1

10

10∑

i=1

Di)

= (
1

10
)2

10∑

i=1

Var(Di)

= (
1

10
)2

10∑

i=1

(σ2
X + σ2

Y − 2 · ρ(Xi, Yi)σX · σY )

=
1

10
(σ2

X + σ2
Y − 2 · 0.5 · σX · σY )

=
1

10
(0.62 + 0.82 − 2 · 0.5 · 0.6 · 0.8)

= 0.052

s �������(����� ���%!����	�
�fy�x��
�%{ ��l3�¨l��¢eh�do������badc3}*��o�n3g3�

¥¦aml3�.�ml � �m�do��dl3��km�bn�}�n u = s2 ��}�c du = 2sds
�

P (X ≤ x) =

∫ x

0

f(s)ds =

∫ x

0

2s

θ
e−

s2

θ ds

=

∫ x2

0

1

θ
e−

u
θ du =

[
−e−

u
θ

]x2

0

= 1 − e−
x2

θ
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¥¦}���o�n3gb}*�����=adc3}*��o�n�g3�
|�o��fe=aKeh�

P (X > x) = 1 − P (X ≤ x) = e−
x2

θ

j

P (X > 15|X > 10) =
P (X > 15 ∩ X > 10)

P (X > 10)
=

P (X > 15)

P (X > 10)

=
e−

152

25

e−
102

25

=
0.000123

0.0183
≈ 0.0067.

¤ { �Ko���}���o�gb�3}����ª��l3n3�&��km�bn�}�nE}�aKgbo¬�d���=}�c��
L(θ; x1, ..., xn) = f(x1, ..., xn; θ)

= f(x1; θ) · · ·f(xn; θ)

=
2x1

θ
e−

x2
1
θ · · · 2xn

θ
e−

x2
n
θ

=

(
2

θ

)n

· (x1 · · ·xn) · e− 1
θ

Pn
i=1 x2

i .

��e=aK���bgbe=ado¬����}�n��

l(θ; x1, ..., xn) = ln [L(θ)] = n ln(
2

θ
) + ln(x1 · · ·xn) − 1

θ

n∑

i=1

x2
i

= n ln(2) − n ln(θ) + ln(x1 · · ·xn) − 1

θ

n∑

i=1

x2
i .

�Co�n3nP�Meh�	�mo��¨l����m�3l3n3�(���b}*cH��c3}*ado��=}�am}V��n"� amo���}���o�gb�3}����ª��l3n3�&��km�bn�}�n.�bg��m}*�d�d};��o���q�j
∂l

∂θ
|
θ=bθ = 0 − n

1

θ
+ 0 +

1

θ2

n∑

i=1

x2
i = 0

θ̂ =
1

n

n∑

i=1

x2
i .

© � � ���ba θ � ��o�a�cfe θ̂ = 1
n

∑n

i=1 X2
i

j
|�o��d}*a@eh�

θ̂
}�a����baª�b}�n(�dn3o�n3g=�dad}��d���

E[θ̂] = E[
1

n

n∑

i=1

X2
i ] =

1

n

n∑

i=1

E[X2
i ] =

1

n

n∑

i=1

θ = θ.

�f�ba��Ead}*gbn3}�l����he=ado�e=n3�m}�n���o��
θ̂
��ad}*n3gb}*a��	o ��`bam�m���he=amo¢e=n3�m}�n ��o��

X2 j�_�e Y = X2 j�¥¦aml3�=}*a9eh�
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Var[Y ] = E[Y 2] − E[Y ]2
j � }�am��}*c#}�a

Var[X2] = Var[Y ] = E[Y 2] − E[Y ]2

= E[X4] − E[X2]2 = 2θ2 − θ2 = θ2.

� e����=a��	o,�

Var[θ̂] = Var[
1

n

n∑

i=1

X2
i ] =

1

n2

n∑

i=1

Var[X2
i ]

︸ ︷︷ ︸

=θ2

=
θ2

n
.

� { © }*n(��a�eh��gbam}�n3�m}*��}*�bad}*��}��#�mo�}*a�e'���(�	o�� Y1, ..., Yn

}�a1lfe��	�3}�n3g=o�gb} �bguo�c3}*n(��o��m� ���badc�}����d}  �d� }*ag�km}�n3n��b���mn3o��m��}�����o���nf��ad��}*�¦n3�bam�Me=�¬���badc�}�����j �1}�aK�3ad}*�do��m�@}�a

Z =
Ȳ − E[Ȳ ]
√

Var[Ȳ ]�do���n3��ad��}*���ª��e=n�cfe=adc�n3�=ad��e=�����bamc3}��¬�Yn3�=a
n
}�a��ª���ba  �� �bq(£�j ���"�=aª����o�����}�����}�}�a

Yi = X2
i

lfe��	�3}*n3gbo�g=}
�bg

Ȳ = 1
n

∑n

i=1 X2
i = θ̂

j�|¡o�c3}�am}�}�a��d�b� ��l3n�n3}*� o&���bamado�g=}O�3l�n3�(�@  � � £  E(Ȳ ) = θ
�bg

Var(Ȳ ) =
θ2

n

j � }�ad��}�c � ��o�a

Z =
1
n

∑n

i=1 X2
i − θ

√
θ2

n�do���n3��ad��}*��n3�=ad��e=�����bamc3}��¬�¦n3�=a
n
}*a��m�d�ba�j

|�o��fn3n3}*a@�d��}����(i�� �h�bn��fc�}�n3�mo�n(��}*am�he=������}�c
α = 0.05

j © }��d� Ȳ = 1
n

∑n

i=1 X2
i

jf¥¦aml3�=}*a�e'�
1 − α ≈ P

(
−zα

2
≤ Z ≤ zα

2

)

= P



−zα
2

≤ Ȳ − θ
√

θ2

n

≤ zα
2





= P

(

−
zα

2√
n

≤ 1

θ
Ȳ − 1 ≤

zα
2√
n

)

= P

(

1 −
zα

2√
n

≤ 1

θ
Ȳ ≤ 1 +

zα
2√
n

)

= P

(

1

1 +
z α

2√
n

≤ θ

Ȳ
≤ 1

1 − z α
2√
n

)

= P

(

Ȳ

1 +
z α

2√
n

≤ θ ≤ Ȳ

1 − z α
2√
n

)
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� �K��o���nf��am��}�� �(i�� �=�bn��3c3}�n3�mo�n(��}*am�he=�������ba
θ � ��o�a�cfe

[
1
n

∑n

i=1 X2
i

1 + z0.025√
n

,
1
n

∑n

i=1 X2
i

1 − z0.025√
n

]

© o�c3}�n p = e−
100
θ

}*aK}�n1���bn��=���bn(���ª��o�gb}�n3c�}���l�n3�&��km�bn�e��
θ  �fehaK�	o�eh�

P










1
n

∑n

i=1 X2
i

1 +
z α

2√
n

︸ ︷︷ ︸

=θ̂L

≤ θ ≤
1
n

∑n

i=1 X2
i

1 − z α
2√
n

︸ ︷︷ ︸

=θ̂U










≈ 1 − α

m
P
(

e
− 100

θ̂L ≤ e−
100
θ ≤ e

− 100

θ̂U

)

≈ 1 − α

� �K��o���nf��am��}�� �(i�� �=�bn��3c3}�n3�mo�n(��}*am�he=�������ba
e−

100
θ � ��o�a�c3e

[

e
− 100

θ̂L , e
− 100

θ̂U

]


