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Y�ZO[\[]Z9^�_B`3a(_B_BbdcfefeBg(hBiBg(c
j�k3l\mon�pLqfrorsZ*bt[T_unvcfefwfifiBefefw

xzy|{�}|~�xz�����%}�� ��~�}���������{���}z�.��{��.�Oy#y
^��fltnL_Bav�f�f� �tk3`3m��Bwfw(�
j�msn��3wfc���wfw������"��wfw

��C$A$AE?BK�KMF�����FOA �LFOV�C�R�AsFON*X
  k3ro[d¡¢��£M_Blt¤W¥=Z�nvZ�aB`3ZQ¦L§B`3n3bt¤&l\Z*¨	`3Z9`3qB[]_u[]Z*l��
��?(©OFOA$AsFONSI\@dª�I'NOV�AsFON�C«UOK,?BK�CsUOK0CsG�G�¬�j�_B3moldp�qBl\r®_ua&¯O�
°���±²qu[\[]¥³_B`3`´��µ¶?BKMFOV=?BK�CsUTGdª�I'N�VWFOA�U�?BV�ADC$J	@B�
°Q_Brs¤&k3rs_u[]qBl��3·�¸¹�fw(º%�

»�¼�°zY�½¢^

º"Z*`3b\k3l*��g3�u�tk3rsm��Bwfw(�	�

¾ �������(���À¿ ÁÂ�	���0������-/ÃL!��������&�

Ä�Å�qfl\¤'_B`([Æ_�¨zZO[ bt[\qflt[\ms`3afbÇ¨u_Brsa²È3rsmol�n�Z*[ a��tZ�`3`�qf¥=Å��Blt[�Z�`�¥=Z�`3mo`3afbt¥W§Broms`3adn3Z*lÆZ*[«l\Z*3l\Z*b\Z�`([]_u[]mE¨	[¹k"[\¨u_Brsa
_�¨v¨fZ�roafZ�lt`3ZzÈ3rsmol�b\3k3lÇ[¢qf¥Én�Z9�f`�b\¤BZ*lHZO[HltZ�a��tZ�l\mo`3afbtb\¤&moÅ$[\Z9Z*rsrsZ*l�ms¤&¤BZu�%¡�`([T_W_'[H_u`3n3Z�roZ�`#_�¨v¨BZ�rsaBZ�l\`�Z
b\qB¥ �f`3bt¤BZ*l�Z*[�bt¤	mEÅ$[]Z|Z*l

p Ê qfa�r®_ X
¨uËÌl\ZÍ_B`([T_ursr²%Z*l\b\qB`3Z�l.È�r®_B`([

n
bt3k3lÇ[]Z¶b\qB¥ bÇ¨B_ul\Z�l�ÎB¡ÏL§

b\��fltb\¥³§BrsZO[9Ð�Ñ¢`3b\¤uZ�l²n3kvZ*[²l\Z*a��tZ*l\ms`�afb\bt¤	mEÅ$[]Z¢¨BZ�n#¦��fbt[\Z�`3bd¨u_Brsa&Ò&Ðu�

�%ÓÍÔ²`3n3Z�ld¦(¨	msro¤BZQ_B`([T_uafZ�rob\Z�lÕ¨"mor
X
¦3Z*lÌ¨BËÌltZQÈ3ms`3qB¥³mob\¤�Å�qfl\n�Z�ro[TÒzÖ�k1¥³§�l\Z*r®_u[\Z�ltZ�_B`([T_BaBZ�rsbtZ�`3Z¢[\msr

btmo[]k3_Bb��tqf`�Z�`1b\qf¥×Z*ldÈ%Z*b\¤&l\ZO¨fZ*[Hm�qf3�a(_�¨fZ*[\Z�¤&bt[\Z�`��
¡�`&[]_³m�l\Z*bt[\Z�`¶_�¨1n3Z*[t[]Zz3k3`3¤([\Z*[�_'[¢_B`�n3Z�roZ�`|_�¨�¨BZ�rsaBZ�l\`�ZSb\qB¥É�f`3b\¤uZ�l¢ZO[HltZ�a��tZ�ltms`3afbtb\¤&moÅ$[\Z Ê Z*l
p = 0.7 Ê qfa=_u[ n = 20

�Z�ltb\qf`�Z�l²È3rsmolØb\�k3lt[��%»Õl\k3¤�_'[
X
Z*ldÈ3ms`3qB¥³mob\¤ÙÅ�qfl\n3Z*ro[��

·d¨B_ÙZ�l²b]_u`3`3btÚ	`3romsaf¦�Z*[]Z*`�Å�qfld_'[9��e=Z*rsrsZ*lÌÛLZ�ltZS_�¨vn3ZS�BwÙb\3k�lt[]Zzbt¨u_BltZ�lHÎB¡ÂL§=bt%�Bl\b\¥³§BroZ*[dqf¥
ltZ�a��tZ�l\mo`3afbtb\¤&moÅ$[\Z�Ò
·d¨B_ÙZ�l�b\_B`3`3bÇÚ	`3rsmoaf¦3Z*[\Z�`1Å�qfld_u[�ÛLZ*l\ZQZ�`3`Ü��w Ê ¥³Z*`1Å�ËÌltl\ZQZ�`3`Ü��� Ê _�¨.n3Z9�Bw�b\msZ*l²ÎB¡�Ò
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¡H`([]_�_u[«[\q�_�¨"mob\Z*l«L§HZ*`�È%Z*bt[\Z�¥S[ n3_Ba¢3ltZ�b\Z*`([]Z�ltZ�l ltZ�b\k�ro[T_'[]Z�l�Å�l]_�[\q¢¥=Z�`3mo`3afb\¥³§Broms`3afZ*l Ê a��tZ�`�`3qf¥ÙÅ��flt[_�¨�¦(¨fZ*lt[ b\mE[\[ ¥=Z�`�ms`3afbt¥W§ursms`�afb\mo`3bt[\mo[]k"[\[ Ê »ÕÚ	l]§¢¡�qfaQ»ÕÚ	l\§�»H�(^�_
n1

¨uËÌl\Zd_B`([]_Brsr	b\3k�lt[]Zdqfa
X1

_B`([]_Brsr
b\qB¥Ébt¨u_Bl\Z*l¢ÎB¡Âm�¥³§Brsmo`3afZ*`.Å�l]_=»ÕÚ	l]§Ù¡ Ê qfa n2

qfa
X2

[]msrobt¨u_BltZ�`3n3Z�bÇ[]�fltl\Z*rsb\Z*l²Å�qBld»ÕÚ	l]§W»����¢m�_B`([T_ul
_u[

X1

Z�lHÈ3ms`3qB¥³mob\¤�Å�qfl\n�Z�ro[H¥³Z*n¶L_Bl\_B¥³ZO[]ltZ
n1

qfa
p Ê qfa X2

Z�l¢È�ms`3qf¥=msbt¤�Å�qfl\n3Z*ro[H¥³Z*n¶L_Bl]_u¥³ZO[]l\Z
n2

qfa
p Ê qBa³_'[ X1

qfa
X2

Z*l²k3_�¨	¦3Z*`3afmoafZB�

�¢m"�f`3bt¤BZ�l¹§�Z�bt[\ms¥=Z�ltZ
p
¨BZ�n=§H¤BqB¥�È3ms`�Z�l\ZÕl\Z*b\k3rE[T_u[\Z�`3ZØÅ�l\_Hn3ZØ[\q�¥W§ursms`�afZ�`3Zu��j�qQ_u¤&[\k3Z�rorsZÕZ�bt[\ms¥³_u[]qBl\Z�l

Z�l

P̂ =
1

2

(

X1

n1

+
X2

n2

) qfa

P ∗ =
X1 + X2

n1 + n2

.

� Ó¶p«mo`3`�Å�qflt¨BZ�`([]`�ms`3aÙqfaÙ¨u_Bl\ms_B`3bØ[\msr�¦(¨fZ*lH_�¨�n�ZQ[\qÙZ�bt[\ms¥³_u[]qBl\Z�`�Z
P̂
qfa

P ∗
�

ÖHZ*l\btqf¥
n1 = 500

qfa
n2 = 1000 Ê ¦(¨	msro¤BZ�`1Z�bÇ[]mo¥W_u[\qflØ¨	msr´n3k�n3_Ù¨BZ�rsaBZ�ÒS»ØZ*afl\k�`3`�bÇ¨u_Bl\ZO[��

¡�`&[]_Ü`3§ _u[
n1 = n2 = n Ê b\rsmo¤ _u[ X1

qBa
X2

Z�lÙkL_�¨	¦3Z�`�afmsafZvqfaÍÈ3mo`3qf¥=msbt¤ÜÅ�qfltn3Z�rE[]Z Ê ¥³Z*nU�?BV�VWFÕL_Bl\_B¥=Z*[]ltZ
p
qfa

n
��ÖHZO[\[]ZQ¥=Z�n�Å��Bl\Z�ld_'[

P̂ = P ∗ =
X1 + X2

2n
.

Ôd[]rsZ*nvZ*[d[]mors`LËÌlt¥³ZO[dc(��� ¤Bqf`��3n3Z�`3btms`([]Z*lt¨u_Bror�Å�qfl
p
¨fZ�n#§�È3l\k3¤uZS_'[�Å�qfl\n3Z*rsmo`3afZ�`.[\msr

P̂ − p
√

1

2n
P̂ (1 − P̂ )

Z*ld[\msro`LËÌl\¥=Z*[�bÇ[T_B`�nL_Bl\n1`3qflt¥W_uroÅ�qfltn3Z�rE[��

�Æ[d[]l\Z*n'�tZQ¥³Z*`3ms`�afb\¥³§Brsmo`3afbtms`3bÇ[]mo[\k�[\[ Ê »ÕÚ	l]§�� Ê ¦L_Bld_B`�`3qf`3btZ�lt[�_u[²n3ZQbt`L_Blt[d¤uqf¥=¥³Z*l�¥³Z*n1ltZ�btk3ro[]_u[]Z*lÅ�l]_=Z�`#[\msrobt¨u_Bl\Z*`3n3Zz¥W§ursms`�a=¥=Z�n
n3

bt3k3lÇ[]ZB�%^�_
X3

¨uËÌl\Z�_B`([T_Bror�b\qf¥ bt¨u_BltZ�l¢ÎB¡ L§=b\��fl\bt¥W§BroZ*[²qf¥
l\Z*a��tZ*l\mo`3afb\bt¤&moÅ$[]ZWmØ¥³§Brsmo`3afZ�`ÜÅ�l]_|» Ú"l\§�� Ê qfaÍ_B`([]_¶_u[ X3

Z�l�k3_�¨	¦3Z*`3afmoaÍ_�¨
X1

qfa
X2

���HmØ¨	msr `L§
È3ltk3¤BZÙl\Z*b\k3rE[T_u[\Z�`3Z9Å�l]_�»ÕÚ	l]§.¡ qfav»ÕÚ	l]§�»�[\msr�§.3l\Z*n3ms¤uZ�l\Z�¦(¨Bqfl�¥W_u`3afZ�btqf¥ bÇ¨u_Bl\Z*lzÎB¡ m«n3Z*`Í`&ÚBZ
¥³§Brsmo`3afZ�`´�	�Hm�_B`([T_ulÌm´ltZ�bt[\Z�`1_�¨.qf�3a(_�¨fZ*`#_u[

n1 = n2 = n3 = n = 1000 Ê qBaÙ_u[�qfÈ3btZ�lÇ¨fZ�lÇ[]Z�¨fZ*l\n3moZ�lÅ�qfl
X1

qfa
X2

Z�l
x1 = 645

qfa
x2 = 692

�

� Ó¶^�_
Y = X3 − nP̂ Ê n3Z�l P̂ =

X1 + X2

2n
.

»ØZ*afl\k�`3`|_u[²n3ZO[²m�¨B§ul²btmo[\kL_Bb��tqB`�Z*l²ltms¥=Z�romsa�§=_B`([T_=_u[
Y
Z�l�[]mors`LËÌlt¥³ZO[d`3qflt¥W_BrEÅ�qfl\n�Z�ro[ Ê qBaÙ¨	mob_u[�¨u_Bltm®_B`�b\Z�`v[]mor

Y
Z�l

3

2
np(1 − p)

�
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»Øltk3¤Ín3Z*[t[]Z=[]msr¹§1k�[]roZ�n3Z=Z*[z[]mors`LËÌlt¥³ZO[9c(��� 3ltZ�n3mo¤	b$�tqf`3btms`([]Z*lt¨u_BrsrÆÅ�qBlS_B`([]_BrsroZ*[Qb\�k3lt[\Z.b\qf¥ m
¥³§Brsmo`3afZ*`WÅ�l]_Ù»ÕÚ	l]§�� bÇ¨u_Bl\Z*lHÎB¡ÂL§�bt%�fltb\¥³§BrsZO[dqf¥ ltZ�a��tZ�ltms`3afbtb\¤&moÅ$[\ZB�
»ØZ*bt[\Z�¥Éqfafb\§�ms`([]Z*lt¨u_BrsroZ*[�`&k3¥=Z�ltmsbt¤.ÈL_BbtZ�lt[²L§�n3ZQqfÈ�b\Z�lÇ¨fZ*lt[]Zz¨fZ*l\n3moZ�`3Zu�

¾ �������(����� �9�	�������������&´
��&


�¢m b\Z*l�L§#¤uqfbt[\`L_Bn3Z*` _�¨ÜZO[S¨fZ*ms3ltqfb��tZ*¤([�� ^�_
X

¨�ËÌltZ.Z�`�¤uqf`([]mo`	k�Z�l\romsa1bt[\qf¤'_Bbt[\msb\¤ ¬�[\msrEÅ�Z�rsn�msa&¯²¨u_BltmE£
_BÈ�Z�rdb\qB¥ _B`3afmol=n�Z�` Å�_u¤&[\msbt¤BZ1¤BqfbÇ[]`L_Bn�Z�` 3l*�¹¥³ZO[]Z�lÙÅ�qfl�¨fZ*msZ*` b\qB¥�b\¤'_BrdÈ(Ú"aBafZ�b*�Ì°�qBbt[]`3_Bn3Z�` 3l��
¥=Z*[]Z*l�Z�l²_�¨	¦3Z�`3aBmsa=_�¨.afltk3`3`�Å�qflt¦3qfron�qfaÙ3l\mob�L§�¥W_u[\Z�ltm®_BroZ�l��	�¢m�_B`([T_Bld_u[

X
Z*l�`3qfl\¥³_BrEÅ�qfl\n3Z*ro[Ø¥³Z*n

Å�qflÇ¨fZ�`([\`3ms`3aBbt¨fZ*l\n3m
E(X) = µ

qfaÙbt[T_u`3nL_BltnL_�¨	¨	mo¤
SD(X) =

√

Var(X) = σ
�

�%ÓÍ^�_vqfb\bz_B`([T_ ¬�¤&k3` mÆn3ZO[\[]Z=3k3`�¤&[\Z*[T¯z_u[Qn�Z*[9Z�lQ¤��tZ�`([�_'[
µ = 10000

¤&l��'¥³ZO[]Z�lQqfa
σ = 2500¤&l��'¥³ZO[]Z�l*��p«�flÌ¨BZ�msZ*`�È(Ú	afafZ*b Ê �f`3bt¤BZ*l�¥³_B`v§Ùl\Z�aB`3ZQk�[db]_B`�`3btÚ	`3romsaf¦3ZO[]Z*`�Å�qfl�k3roms¤uZ¢k�[\Å�_ursr,�

·d¨B_�Z*l�b]_B`3`�btÚ	`3rsmoaf¦3ZO[]Z�`�Å�qfl�_u[�¤BqfbÇ[]`L_un3Z�`z3l���¥³ZO[]Z�l%Å�qfl�¨fZ*msZ�`�¨	msruq�¨fZ�ltb\¤&l\mon3Z
13000

¤&l��'¥³ZO[]Z�l]Ò
p«mo`3`|ZO[¢[T_Bror Ê k Ê b\qf¥ Z�lHb\rsmo¤1_u[¢b\_B`3`3bÇÚ"`�rsmsaB¦3Z*[\Z�`ÍZ�l�w"��w(�ÙÅ�qfl¢_u[¢n3Z�`|Å�_B¤([\msb\¤uZ�¤BqfbÇ[]`L_un3Z�`Í3l*�
¥=Z*[\Z�lÌÅ�qflÌ¨BZ�msZ*`#È3romslÌ¥=ms`�n3l\Z¢Z*`3`

k
�

  mo[t[�_u[�¨	m&¨BZ*[«_u[�¤BqBbt[]`3_Bn3Z�`S3l���¥=Z*[\Z�l�È3rsmol�¥=ms`3bÇ[
10000

¤&l��u¥=Z*[\Z�l Ê ¦&¨u_²Z�l�nL_db]_B`3`�btÚ	`3rsmoaf¦3ZO[]Z�`Å�qfld_'[d¤BqfbÇ[]`L_Bn�Z�`#�l��L¥=Z*[]Z*l�È3rsmolÌ¦3�BÚBZ�ltZ9Z*`3`
13000

¤	l	�u¥=Z*[]Z*lTÒ

�¢m�_u`&[]_Bl�m�l\Z*bt[\Z�`|_�¨�qB33a(_�¨fZ*`#_'[�È3§Bn3Z
µ
qfa

σ
Z*ldk3¤��tZ�`([]Zzbt[\�fl\ltZ�rsbtZ�l*�

� `ÍZ�¤&b\�Z�lÇ[]afltk33�Z=¥=Z�`�Z�l�_u[HÅ�qflt¨BZ�`([]ZO[Q¤BqfbÇ[]`L_BnÍ3l*�´¥=Z*[\Z�lHÅ�qfl�¨fZ�moZ�`Íb\qB¥ bt¤u_urÆÈ(Ú"aBafZ�b�È3romsl
10000¤&l��u¥=Z*[\Z�l*�	ÄÆ[\msrorsZ�aBa�Z�l n3Z*[Øb]_B¥=rsZO[Õmo`3`=nL_u[T_QÅ�l]_

n = 9
¨BZ�mo3l\qfb$�tZ�¤([]Z*lØ¥=Z�n=[]msrobt¨u_BltZ�`3n3Zdafltk3`3`�Å�qBl\¦3qfron

qfa²¥W_'[]Z�ltm®_Bro¤BqfbÇ[]`L_un3Z�l Ê qfa²nL_u[]_BZ�`3Z �L`�`3Z�b�mf[T_BÈ�Z�ror3�f��·�Z*l�Z�l xi

¤uqfbt[\`L_Bn3Z*`�m(¤&l��u¥=Z*[\Z�l�Å�qfl�¨BZ�ms�l\qfb$�tZ�¤([
`&k3¥=¥³Z*l

i Ê qfaÙn3ZO[�qB33afmobd_u[ ∑

9

i=1
xi = 106480

qfa ∑

9

i=1
(xi − x̄)2 = 49295335

�

x1 x2 x3 x4 x5 x6 x7 x8 x9��wfwfcBc ��wBc(�f� ���B�fc(h �f��i(hui �f��ef�B� ���fhBefe ���Bi(�f� ef�f�fh c(hBeB�

j�_BÈ�Z�rorÆ�f��
9?BK,?vI�BFON¢G(I�UOK�J�?(R³C«G'N���VWFOKMFONÆª�I'N
n = 9

�BFOC���NTI�U���FTG'K FON��

¸ l\qfb$�tZ�¤([]roZ�n3Z*l\Z*`/Z�lQbt¤BZ�"[]msbt¤#[]morÆ¤BqBbt[]`3_Bn3b]_u`3b\rs_BafZ*[zL§
µ = 10000

¤&l	�u¥³ZO[]Z*l Ê qfa�¥=Z�`3Z*lz_u[Qafl\k�`3`"£Å�qflt¦3qfrsn�Z�`3Z¢[\msrsbtmsZ*l�_u[�Å�qflÇ¨fZ�`([\Z*[�¤BqfbÇ[]`L_Bn1m�¤&l��u¥=Z*[\Z�l�Z*l²¦��BÚfZ*l\ZB�

� Ó¶pLqflt¥�k3r��*lÌn3ZO[\[]ZQbtqf¥×Z�`1¦(Ú	%qB[\Z�btZ*[]Z*bt[�¨fZ�n#§�n3Z �L`�Z�l\Zz`&k3rsro¦(Ú"�qB[\Z�b\ZQqfa=_BrE[]Z*l\`L_u[\mo¨³¦(Ú"�qB[\Z�b\Zu�
º"ZO[\[�qf31Z�`1[]Z�bÇ[]qfÈ�b\Z�lÇ¨u_u[]qfl²qfa �L`3`1Å�qfl\¤'_BbÇ[]mo`3afb\qB¥³l\§Bn3Z*[��L·²¨u_ÙÈ3rsmol�¤Bqf`�¤	rok3b��tqB`3Z�`�L§Ù[\Z�bÇ[]Z�` Ê¥=Z�nvnL_u[]_=aBmo[\[Ìm´[T_BÈ�Z�rorÆ� Ê `3§Bldb\msaB`3m��L¤'_B`�b\`3mE¨�§uZ*[�Z*l α = 0.01

Ò
±dZ�af`1k�[

p
£2¨fZ*l\n3moZ�`v¨fZ*n|§�È3l\k�¤BZQ[T_BÈ�Z�ror��v¬��B¨BZ�l\bÇ[H3§Ù`�Z�bt[\Z9btmsn3Z�¯O�
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t
�B��e �f��c �"��w �"�E� �"��� �"��� �"� g

ν = 7
w���cug(� w���c(�uw w���c(�fh w���cBif� w���cfife w���c(hB� w���cfhBi

ν = 8
w���cug&� w���c(�u� w���cfifw w���cBifi w���c(h"� w���c(hf� w���cfhBe

ν = 9
w���cug&h w���c(�B� w���cfi(� w���cBi(h w���c(hf� w���c(hfh w���cBefw

j�_BÈ%Z*rsr%�"���zP	V�P"AE?BK�C ��U�?BJLJ�U��uJLADCE@'�LFOK�C
t �
ª�I'NtR	FOADC$J	@	FOJ ��>�I'N¢FOJ�UOK I�GB?'UOK�CsUTG �'?BN�C�?(©OFOA

T
U�I'VÉFON²K

�
ª�I'N\R	FOADK

VWF\R
ν
ª�N�Cs�LFOK$U\@BN\?(R	FON��ÆU�� ��CsU�FON�K2?(©OFOA$AsFOJ

P (T ≤ t)
ª�I'NzP	ADCsG(F �BFONtRBC,FONz? �

t
�

ÖHZ*`�[]qu[T_BroZ�¤BqfbÇ[]`L_Bn�Z�`�Å�qBld¨BZ�moZ�`1Z�l²_�¨"¦�Z�`3afmoaW_�¨.¨BZ�moZ�`3b²rsZ*`3afn3Z³¬�m�¥=Z*[\Z�l]¯Øqfa³¤uqfbt[\`L_Bn�3l��L¥=Z*[\Z�lz¬�m
¤&l��u¥=Z*[\Z�l]¯O�

^�_
Y
¨"ËÌl\Z�Z*` ¤uqf`([]mo`	k�Z�l\romsa�bt[]qB¤u_ubt[]mob\¤Ü¨B_ul\m®_uÈ%Z*rÕbtqf¥ _u`3afmsl9n3Z�` Å�_u¤&[\msbt¤BZ�rsZ*`3afn3Z*`À_�¨ ¨BZ�msZ*`Àb\qf¥

b\¤'_BrÕÈ(Ú"aBafZ�b*���¢mØ_B`([T_BlS_u[9rsZ�`�afn3Z�`À_�¨Í¨fZ*msZ*`�Z�lS`�qfl\¥³_BroÅ�qBl\n3Z*ro[ Ê ¥=Z�nÜÅ�qflt¨BZ�`([]mo`3afbÇ¨fZ�ltn3m E(Y ) = ηqfa�bÇ[T_B`3n3_Bl\nL_�¨&¨	ms¤
SD(Y ) =

√

Var(Y ) = τ
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