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Oppgave 1
Define

F: A random toaster unit fails.
We know that the probability that a toaster unit failing is
P(F) = 0.03 = p

a) Since the event “first toaster unit fail” is independent of the event “ second toaster unit
fail” we can write

P(fail 1N fail 2) = P(fail 1)P(fail 2) = p x p = 0.0009

The probability that 2 out of 7 toaster unit fails can be considered as a result of a
binomial experiment, and then we can compute it as

7!

— 50.0320.975 = 0.0163

P(fail 2 out of 7) = (;)p2(1 —p)°

Using the definition of conditional probability and the fact that the events “fail 17, “fail
2”7 and “not fail 3-7” are independent, we have that
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P(fail 1 N fail 2 Nfail 2 out of 7)
P(fail 2 out of 7)
P(fail 1 N fail 2 N not fail 3-7)
P(fail 2 out of 7)

2(1-p)d 1 512!

::—£47—£13<=—7:=—7-:004m
(5)p*(1 = p) (5) n

b) Using the fact that the event “More than 5 for fail ” is equivalent to “no fail in 1-5” we

write

P(fail 1 N fail 2|fail 2 out of 7) =

P(More than 5 for fail) = P(no fail in 1-5) = (1 — p)° = 0.8587

Using the Law of total probability, we can use that

P(No two consecutive fails among first 5 units) =

5
= Z P(No two consecutive fails among first 5 units|i fail) x P(i fail among 5 units)
i=0

Then,

P(No two consecutive fails among first 5 units) =

= P(No two consecutive fails among first 5 units|0 fail) x P(0 fail among 5 units)

—~

No two consecutive fails among first 5 units|1 fail 1 fail among 5 units

No two consecutive fails among first 5 units|2 fail 2 fail among 5 units

4 fail among 5 units

)

)

3 fail among 5 units)

No two consecutive fails among first 5 units|4 fail )
)

Y~ N /N /N

+ P( ) X P
+ P( ) x P
+ P(No two consecutive fails among first 5 units|3 fail) x P
+ P( ) x P
+ P( ) x P(5 fail among 5 units

No two consecutive fails among first 5 units|5 fail
5

?)p(l —p)'+ (2)(2;4 x (Z)pZ(l —p%)

D
X (3)p3(1 —p)? 4+ 0 x P(4 fail among 5 units) + 0 x P(5 fail among 5 units)

:1><(1—p)5+1><(

_’_i
(5)

= 0.9964,
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where we have used that

P(No two consecutive fails among first 5 units|0 fail) =

1
P(No two consecutive fails among first 5 units|1 fail) = 1

P(No two consecutive fails among first 5 units|2 fail) =

P(No two consecutive fails among first 5 units|3 fail) = ——

P(No two consecutive fails among first 5 units|4 fail) =0
0

P(No two consecutive fails among first 5 units|5 fail) =

c) We know from the exercise that
P(Fy U F,) =0.03, P(Fy) =0.02, P(Fy|Fy) = 0.04.

Question 1:
P(Fo,NFY) = P(F, U Fy) — P(F;) =0.03 —0.02 = 0.01
Question 2:
P(FyNF P(Fy|Fy)P(F
P(F1|F2): (Pl(F 2) :P ( 2| 1) ( 1) _
5) (Fy N Fy) + P(FyN EFY)
 P(R|F)P(F) +P(F,NFY)  0.4x0.02+0.01
= m = (0.444
0.018
Oppgave 2
X ~ N(xz;a,0?)

a) a=20,02=0.04=0=0.2.

X -2
HXEL%zP( >4m)zpaz—0®:0mw
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P(18< X <24)=P

18—2 X—-2 24-2
< <
02 — 02 — 02
= P(Z <2.0)— P(Z < —1.0) = 0.8185

) = P(-1.0 < Z < 2.0)

P(X<24NnX>19) P(19<X <24)
< ° > N - - — — —_— ... = .
P(X <24|X >1.9) PXS 19) PX > 10) 0.9670

b) V = (”_012)&2 ~ X%nfl)’ which means that

1 n—1
floyn—1) = ﬁUT_le_v/Q,U >0, (1)

since (1) is the density for a x? distribution with n — 1 degrees of freedom. For a x2_,
distribution we have that the mean and variance are given by

ElVl=n—-1 and Var[V]=2(n-1)

Using the properties of expectation

o2

E[V] = E{(” - 1)&2] =D 1) o B = o

Hence, 62 is an unbiased estimator for o2.

_1A2 _12 24
n 2)0 ‘| — (TL - ) Var[é_Z]:2<n_1):>var[a_2]:ni1

Var[V] = Var [(

o o

<

P(Xi—170.95 S S Xi_1’0_05) =0.90

(n—1)0
P(Xifl,O.QE) < T2 < Xifl,0.0E)) =0.90

2

-1 ~2 -1 ~2

P((n2—)a < o2 <”2—>0> — 0.90
Xn—1,0.05 Xn—1,0.95

[\

IN
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Then, the 0.9 confidence interval for o2 is

[(n ~ 162 (n— 1)&2]

2 N
Xn-1,005 Xn—1,0.95

Numerical values:

10 10 2 2
1 10 1 45 10 /21
“ 921,:1 g {10 Zi:l } 9 9 (10)

X;o.% = 3.325

0.9 confidence interval for o2: [0.053,0.271]

d) Lets use 62 = s to leave the notation uncluttered

_ 2
v:(n 1)57 g_ o’V

o2

S is a function of V, which has density

1 n—
fo(v) = e 2 >0

n

27T (%5

S is a one-to-one transformation of a continuous random variable V, then we need to
apply the following formula to compute the density of S,

fu(s) = £, (W;_”S) i
-

1 1) /2 n—1)s
T[22 (n-1)/2 st 1eXp{ - —2) }
Rl Y20 ((n = 1)/2) 20

The equation above has the form of a Gamma distribution. We can write that
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g) — 1 s=1)/2-1 o _ (n—1)s
I = e = 1) o{ -

1 1
= s exp{—s/B}, s>0
VoM
with g = ﬁ o= Tl
Then, the expectation and the variance of S can be computed straitforwardly as

E(S)=E(6%) =aB = 71% = 02, unibiased.
Var(S) = Var(é )—0462 — n—1 4042 - 2%

Oppgave 3

X1, Xy idd. f(z;8) = 2252 < < o0

a) Since X1, ..., X, are independent, the likelihood function is given by

L(B;x1, ..., xy) = H 5ﬁ+1 ﬁ”?“ﬁn B+1

i:1

To find the maximum of the likelihood function, it is easier to maximize the log-likelihood,
given by

InL(B;x1,....,xp,) =nlnf+nBln2 — (8 + 1)ilnmi

=1

We then set the first derivative of the log-likelihood equals to zero:

dinL(-) n
=—+4+nln2— Inz; =0
dp B Z
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We then have

n n

Yolnz; —nln2 B >or  In(x;/2)

B =

The maximum likelihood estimator is:

ey
I

2 e In(Xi/2)



